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Motivation

Motivation and Some Literature:

e Overarching Topic: Self-adjoint extensions and boundary data maps
(i.e., extensions of the Dirichlet-to-Neumann map).

o We'll treat all self-adjoint boundary conditions for regular Schréodinger
operators on a finite interval. In particular, we'll describe the Krein—von

Neumann extension.

e Krein-type resolvent formulas.

e Trace formulas.

e Symmetrized (Fredholm) perturbation determinants.

e Krein spectral shift functions.
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Motivation

Motivation and Some Literature (contd.):

S. Clark, F.G., and M. Mitrea, Boundary Data Maps for Schrodinger Operators
on a Compact Interval, Math. Modelling Nat. Phenomena 5, No. 4, 73-121
(2010).

F.G. and M. Zinchenko, Symmetrized perturbation determinants and
applications to boundary data maps and Krein-type resolvent formulas, Proc.
London Math. Soc. (3) 104, 577-612 (2012).

S. Clark, F.G., R. Nichols, and M. Zinchenko, Boundary data maps and
Krein's resolvent formula for Sturm—Liouville operators on a finite interval,
Operators and Matrices 8, 1-71 (2014).
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A Bit of Notation:

@ H denotes a (separable, complex ) Hilbert space, /3 represents the identity
operator in H.

o If Ais a closed (typically, self-adjoint) operator in H, then

@ p(A) C C denotes the resolvent set of A; z € p(A) <= A—zlyisa
bijection.

@ o(A) = C\p(A) denotes the spectrum of A.
@ 0,(A) denotes the point spectrum (i.e., the set of eigenvalues) of A.

@ 04(A) denotes the discrete spectrum of A (i.e., isolated eigenvalues of finite
(algebraic) multiplicity).

o If Ais closable in #, then A denotes the operator closure of A in H.

Note. All operators will be linear in this course.
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Notation

A Bit of Notation (contd.):

@ B(H) is the set of bounded operators defined on H.
Bp(H), 1 < p < oo denotes the pth trace ideal of B(H),
(e, TE€Bp(H) <= > jcr N ((T*T)Y2)P < oo, where J C N is an
appropriate index set, and the eigenvalues \;j(T) of T are repeated
according to their algebraic multiplicity),

B1(H) is the set of trace class operators,
Ba(H) is the set of Hilbert—Schmidt operators,
Boo(H) is the set of compact operators.

o try(A) = > ;c 7 Ai(A) denotes the trace of A € Bi(H).

o dety(ly — A) = [[;c7[1 — A;(A)] denotes the Fredholm determinant,
defined for A € Bi(H).

o dety 3(h — B) = [[jes[1 — Aj(B)]eV® denotes the modified
Fredholm determinant, defined for B € By(H).
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Boundary Data Maps for Sturm-Liouville Operators

Maximal and Minimal Schrodinger Operators

Let
Ve Ll((O, R); dx) be real-valued, R € (0, c0),

and introduce the Schrodinger differential expression 7 via

d2

T =

and the associated maximal and minimal operators in L?((0, R); dx) associated
with 7 by

Hoaxf = 7F,
f € dom(Hmax) = {g € L*((0, R); dx) | g,&" € AC([0, R]); 7g € L*((0,R); dx)},
Heinf = 71,

f € dom(Hmin) = {g € dom(Hmax) | £(0) = g(0) = g(R) = g'(R) = 0}.

AC([0, R]) denotes the set of absolutely continuous functions on [0, R].

Note. Much (but not all) of this material extends to the non-self-adjoint case.
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Boundary Data Maps for Sturm-Liouville Operators

Self-Adjoint Extensions of

Introduce the following families of self-adjoint extensions Hg, o, and Hr 4 in
L2((0, R); dx) of the minimal operator Hin,

Hgo’ng:Tf, 90,9;2 c [0,71'),
f € dom(Hy,,0,) = {g € dom(Hmax) | cos(fo)g(0) + sin(6o)g’(0) = 0,
cos(fr)g(R) — sin(0r)g’(R) = 0}

and

He of =7f, ¢ € [0,27), F € SL(2,R),
(5R) == (£0)

SL(2,R) denotes the set of 2 x 2 matrices with determinant = 1 and real entries.

f € dom(He ) = {g € dom(Hmax)

Claim: There's nothing else that's self-adjoint!
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Boundary Data Maps for Sturm-Liouville Operators

Self-Adjoint Extensions of contd.

Theorem 1 (Weidmann 2003 (German edition), Thm. 13.15)

Heg, .0, and Hr 4 are self-adjoint extensions of Hmin for all 6y, 0g € [0, ),

¢ €]0,27), and F € SL(2,R).

Conversely, let H be a self-adjoint extension of Hyi,. Then either H= Ho, .0, for
some 0, 0r € [0,7), or else, H = HE , for some ¢ € [0,27) and F € SL(2,R).

Note: Weidmann actually proves this for general Sturm—Liouville operators in
L2((a, b); r(x)dx) generated by the regular differential expression

- % _ip( )(Z(+q() , x€(ab),

assuming the usual conditions r > 0 a.e. on (a, b), r € LL_((a, b); dx), p > 0 a.e.
on (a,b), 1/p € LL ((a, b); dx), g € L. _((a, b); dx), q real-valued a.e. on (a, b).
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Boundary Data Maps for Sturm-Liouville Operators

Krein’s Formula: Abstract Setting

Let A be a densely defined, symmetric operator in H with finite deficiency indices
(m,m). Let A; and A, denote two self-adjoint extensions of A, relatively prime
with respect to their maximal common part Ag, that is,

dom(Al) M dOm(Az) = dOm(Ao).

For a fixed zy € p(A1) N p(A2), let {gk(20)};_; be a fixed basis for ker(A§ — z)
(0 < r < m), and define

Uz z = (A1 — 20)(A1 — 2)7L zep(A).
Then the following hold:
{gk(2)}_, defined by

8i(2) = Uz z,8k(20) = 8k(20) + (2 — 20)(A1 — 2) ' gk(20),
zep(A), k=1,...,r,

forms a basis for ker(A§ — z).
{gk(2)}}_; and {gk(2’)}}_; for z,z' € p(A1) are related by
gu(Z') = Uz -au(2) = gu(2) + (7' = 2)(A1 = 2) Ta(2), 2,2 € p(Ay).
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Boundary Data Maps for Sturm-Liouville Operators

Krein's Formula: Abstract Setting contd.

Theorem 2 (Krein’s Formula)

For each z € p(A1) N p(Az), there is a unique, nonsingular, r x r Nevanlinna—
Herglotz matrix P(z) = (pj_k(z))Kj «<,» depending on the choice of basis
{gk(20) };—1, such that -

(Ay —2)" = (A1 —2)” —i—ij

Jj,k=1

P(z) and P(Z") for z,z' € p(A1) N p(Az) are related by

P(2) " = P() "+ (2= 2) (@), ()1 e 22 € P(A) N p(A2).

What about this basis dependence of the basic matrix P(z)?
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Boundary Data Maps for Sturm-Liouville Operators

Krein's Formula: Abstract Setting contd.

If {gk(z0)},_; is any other basis for ker(Aj — zp) and I3(z) = ('ijk(z))lgj <y 1S
the corresponding unique, nonsingular, r x r matrix-valued function such that
(Ao—2)t=(A—2) '+ Z Pj k ), )1 8i(2),  z € p(A1) N p(Az),
J,k=1
then N T
P(z)=(T7Y) P2)(THT),

where T is the r X r transition matrix corresponding to the change of basis from
{gk(20) =1 to {Bk(20)}im1-

ST denotes the transpose of S.
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Boundary Data Maps for Sturm-Liouville Operators

Krein’s Formula: Schrédinger Operators on (0, R)

Reference self-adjoint extension: Hp o, the Dirichlet extension of Hpmin,
Hoof =7f, f € dom(Hoo) = {g € dom(Hmax) | (0) =0=g(R)}.

For each z € p(Ho,0), a basis for ker(H,, — z), denoted {uj(z,-)}j=1,2, is fixed by

specifying
Ul(Z,O =0, Ul(zvR =1,
z € p(H,
u(z,0) =1, w(z,R)=0, p(Ho.0)
One verifies

Uz Z/U1(Z/, ) = Ul(Z, ')v
’ € {1,2}, z,Z € p(Hyyp),
Uz,z/u2(z/, ) _ U2(Z, '), J { } z,Z P( 0,0)

where the generalized Cayley transform U, ., of Hy is defined by
Uy = (Hoo — 2')(Hoo — 2)™*
= /LZ((O,R);dX) + (Z — Z/)(HO,() — 2)71, Z,Z/ € /J(HO,()),

*

U, .« ker(Hpyi, — 2') — ker(Hpy, — 2) is a bijection.
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Boundary Data Maps for Sturm-Liouville Operators

Krein’s Formula: Schrédinger Ops. on (0, R) contd.

Case I: Separated boundary conditions, Hy, ¢,:

Theorem 3

(i) If 6y # 0 and 6r # 0, then the maximal common part of Hy, g, and Ho o is
Hmin. Assume z € p(Hg, 0.) N p(Hoo). Then the matrix

_ (cot(¥r) —ui(z,R)  —us(z,R)
DQO,GR(Z) - (CO }Z,i(zf(l)l) COt(Qol;2+ Ué(za 0))

is invertible and

= (Hoo — 2)~ Z Doy 05 (2)]  (uk(Z, ) ) i2((0,R)) 13(25)-
J,k=1
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Boundary Data Maps for Sturm-Liouville Operators

Krein’s Formula: Schrédinger Ops. on (0, R) contd.

Theorem 3 (contd.)

(i) If 0p # 0, then the maximal common part of Hy, o and Hy g is the restriction,
Hein, of Hmax with domain

dom (Huin) = dom(Hmax) N {g € AC([0, R])| g(R) = £(0) = g'(0) = 0}.
Assume z € p(Hp,.0) N p(Hoo). Then dy, 0(z) = cot(fo) + uh(z,0) # 0 and

(Hogpo—2) ' = Y — dg,0(2) w2z,

(Hoo —2)~

s ‘)L2((0,R)) u(z,

(iii) If Or # 0, then the maximal common part of Hy g, and Hy o is the restriction,
Hmin, of Hmax with domain

dom (Fmin) = dom(Hmax) N {g € AC([0, R]) | g(R) = g(0) = g'(R) = 0}..
Assume z € p(Ho g,) N p(Hoo). Then dyp.(z) = cot(fr) — ui(z, R) # 0 and

(Hoor — 2) 7" = (Hoo — 2) 7" = do,g.(2) " (wa(Z, -), ea((o,R)) U (2, -)-
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Boundary Data Maps for Sturm-Liouville Operators

Krein’s Formula: Schrédinger Ops. on (0, R) contd.

Case Il: Coupled boundary conditions, H,; r:

Theorem 4
Let F = (Fj,k)lgj,kSZ € SL(27R), ¢ e [0, 2’/T), and z € p(HF@) N p(Ho_o).
(i) If F12 # 0, then the maximal common part of Hr , and Hy o is Hmin. The

matrix -
sy (72T EER) i - (e R
o S u(z,0) B u(z,0)

is invertible and

(Hrg —2)7" = (Hoo — 2)~ Z QF.o(2); 4 (uk(Z, ), )20,y Ui (2, )-

Jj,k=1
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Boundary Data Maps for Sturm-Liouville Operators

Krein’s Formula: Schrédinger Ops. on (0, R) contd.

Theorem 4 (contd.)
Let F = (Fjk)1<jk<2 € SL(2,R), ¢ € [0,27), and z € p(HF, ) N p(Ho.0)-

(i) If F1» =0, then the maximal common part of Hr , and Hy g is the restriction
of Hnax to the domain

dom(Hmax) N {g € L2((0, R); dx) | g(0) = g(R) =0, &'(R) = &'* F2,28"(0)}.
In this case,

ar.6(2) = Fa1Fap + F3,u5(2,0) + €'°Fypui(2,0)
— e "Fyoub(z,R) — uj(z,R) #£0

and

(Heg —2)7" = (Hoo — 2) " = ar.0(2) (U ,6(Z, ), )iz(o.r)) UF,6(2,)-

Here

ur.p(2,-) = € P Faoun(z,-) + ui(z, ).
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Boundary Data Maps for Sturm-Liouville Operators

Special Case: The Krein—von Neumann Extension

(I) Abstract Situation:

Let H be a separable complex Hilbert space with scalar product (-, )3 and
identity operator I, in H.

S denotes a symmetric, closed, densely defined operator in H bounded from
below (typically, S > 0).

Sr denotes the Friedrichs extension of S.
Sk denotes the Krein-von Neumann extension of S.
+ denotes the direct sum (not necessarily orthogonal) in H.

A linear operator T : dom(T) C ‘H — H is called non-negative, T > 0, if
(u, Tu)y >0, uedom(T).

T is called strictly positive, if for some ¢ > 0, (u, Tu)y > e||ul|3,, u € dom(T).
One then writes T > ely. Similarly, one defines T > S (but there are technical
details concerning (quadratic form) domains........ )
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Boundary Data Maps for Sturm-Liouville Operators

Mark G. Krein (1907-1989). His 1947 result

Theorem

S > 0 densely defined, closed in . Then, among all non-negative self-adjoint
extensions of S, there exist two distinguished (really, extremal ) ones, Sk and S,
which are the smallest and largest (in the sense of order between the quadratic
forms associated with self-adjoint operators) such extensions. Any non-negative
self-adjoint extension S>00fS necessarily satisfies

(SF4+1)P<(S+t) 1< (Sk+ )t forall t > 0.

In particular, this determines Sk and Sg uniquely.
In addition, if S > ely for some € > 0, one has
dom(Sk) = dom(S) + (Sr) ! ker(S*),
dom(Sk) = dom(S) + ker(S¥),
dom(S*) = dom(S) + (S¢) ! ker(S*) + ker(S*),
ker(Sk) = ker ((Sk)™?) = ker(S*) = ran(S)* = def(S),
this null space might be infinite-dimensional (e.g., for PDEs ) !!!
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Boundary Data Maps for Sturm-Liouville Operators

Intrinsic Characterizations of Sg and Sk

Theorem (Freudenthal 1936; after Friedrichs ‘34)
Assume S > 0. Then,

Sru:= S*u,
u € dom(Sr) := {v € dom(5*)

with lim [Jv; — v|[% = 0 and ((v; — vk), S(v; — vi))s — 0 as j, k — oo }.
j—o0

there exists {v;}jen C dom(S),

In addition, S = S*|dom(5*)ﬁdom(($F)1/2)'

Theorem (Ando—Nishio 1970; after von Neumann ‘29-30 & M. Krein ‘47)

Assume S > 0. Then,

Sku = S*u,

u € dom(Sk) := {v € dom(5*)

there exists {v;}jen C dom(S), with
ISv; = S*vll3 =0 and ((vj — k), S(vj — vi))n — 0 as j, k — oo}

lim
j—o0
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Boundary Data Maps for Sturm-Liouville Operators

The Krein—von Neumann Extension contd.

(1) Concrete Situation: Schrédinger Operators on (0, R):
We recall that for each z € p(Ho ), {uj(z,-)}j=1,2 is a basis for ker(H}., — z),

min

satisfying u1(z,0) =0, u1(z, R) =1, uz(2,0) = 1, ua(z, R) =0, z € p(Ho o).

Theorem 5
Assume z € p(Hk) N p(Ho o). Then Hx = Hy, r, and

(Hk — 2)™t = (Hoo — 2) Z QF0(z Jk (uk(Z,°), )20,y Ui(2; +)s
J,k=1

where

he = 0 [ = 1 —U2(0,0) 1
OR=5 TR 0,00 \wi(0,0)u5(0, R) — uf(0, R)us(0,0) i (0.R))

([ uy(0,R) — ui(z,R) —uq(0,0) — ub(z, R)
Qrco(z) = (—lu;(o,o) +ul(2,0) —u(0,0) + uZ(z,O)) :
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Boundary Data Maps for Sturm-Liouville Operators

The Krein—von Neumann Extension contd.

(I1) Special Case: V =0 on (0, R), the Krein Laplacian Hl((o) = (—d?/dx?)k

In this case,

d00,x) =2, W00, )=1-%, xe[0,Rl,

R’ R’
and the boundary conditions for the Krein Laplacian H\) = (—d?/dx?)x then
read (R) (0)
u(R)\ _ (o (u(0 (0)
<u’(R)> = Fx (u'(O)) , u€&dom (HK ),
where

o (1 R
F,Q’—(O 1).

Explicitly (cf., Alonso and Simon 1980, Fukushima 1980),

' (R) = u/'(0) = [u(R) — u(0)]/R, u € dom (H).
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Boundary Data Maps and Some Applications

The Basics of Boundary Data Maps

Case (I): Robin-to-Robin Maps: Consider the boundary trace map
CY([0,R]) — C?,
Voode’ Yy oy < cos(tp)u(0) +s?n(00)u/(0) ) ' 0o, 0r € [0, ),
cos(Or)u(R) — sin(6g)u'(R)
For z € C\o(Hp,9,) and 6o, 0r € [0, 7), the boundary value problem

—u"+Vu=zu, u i €AC([0,R]), 7oy.00(u) = (§0> € C?,
R
has a unique solution u(z,-) = u(z,-; (6o, @), (Or, cr)) for each ¢y, cr € C.

To each such boundary value problem, we now associate a family of general
boundary data, or Robin-to-Robin maps,

NEoR(2) : €2 = €2, 0o, 0r, 00,05 € [0,7), z € C\o(Hay0,),

A (2) (") = N (2) (om0 (1. (. ). (0. <R))

= 706,9;(”(27 + i (0o, c0), (O, cr))).
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Boundary Data Maps and Some Applications

The Basics of Boundary Data Maps contd.

With u(z,-) = u(z,- ; (6o, c0), (Or, cr)), /\géjZé(Z) can be represented as the
2 x 2 complex matrix, '

A o\ _ A0.0n cos(to)u(z, 0) + sin(to)u'(z,0)
ke (&) =nidke <cos(eR) (2.R) — sin(6e)u(z, R))

_ cos(6y)u(z,0) + sin(6))u’(z,0)
cos(br)u(z, R) —sin(0z)u'(z, R)

Fritz Gesztesy (Baylor University, Waco) The Spectral Shift Function [ T 24 / 56



Boundary Data Maps and Some Applications

The Basics of Boundary Data Maps contd.

The Dirichlet trace vp, and the Neumann trace ~yy (in connection with the
outward pointing unit normal vector at 9(0, R) = {0, R}), are given by

YD = 70,0 = —VYm,ms VN = V3x/2,37/2 = —Vn/2,7/2-

The Dirichlet-to-Neumann map, Ap y(z), corresponds to 0y = g = 0,
0y =0 =7/2,

) , z€C\o(Hop).

Note. If V =0, the Dirichlet-to-Neumann map has been considered in
Example 5.1 of Posilicano, OaM 2, 483-506 (2008).
The Neumann-to-Dirichlet map

An,p(z) = /\:’/Z,ﬂ/z(z) = —[Aon(2)] "

in the case V = 0 has been computed earlier in Example 4.1 of V. Derkach and
M. Malamud, Ukrain. Math. J. 44, 379-401 (1992).
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Boundary Data Maps and Some Applications

The Basics of Boundary Data Maps contd.

Next we unify separated and coupled boundary conditions:

Theorem 6 (e.g., Weidmann 2003 (German edition), Thm. 13.14)

g (0)> <g (R)> }
A —B :
(g’(o) g'(R)
is a self-adjoint extension of Hmin if and only if there exist matrices A, B € C?*?

satisfying rank(A B) =2, AJA* = BJB*, J= (9 3).

In particular, the case of separated boundary conditions corresponds to

(00) sin(0o) 0 0
A= <COSO Vs 0 ’ > , B= ( —cos(0Rr) sin(9R)>  bobrelom)

The case of coupled (i.e., non-separated) boundary conditions corresponds to

The operator Hy g,

HA,Bf = Tf, f e dom(HA’B) ES {g S dom(Hmax)

A=e?F, B=1h, FeSL(2,R), ¢c[0,2n).
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Boundary Data Maps and Some Applications

The Basics of Boundary Data Maps contd.

Case (Il): General Boundary Data Maps:

Define the general boundary trace map, 4 g, associated with the boundary

{0, R} of (0, R) and the 2 x 2 parameter matrices A, B satisfying rank(A B) = 2,
AJA* = BIB*, J=(9). by

CY([0, R]) — C?,
YA,B - U(O) U(R)
"y ( (0)> b (u,(R)> |

A —B A B
4.8 = Dagyp + Nasn, Das= ( . 1’1) , Nap = ( gy 112) :

Then,

Moreover, define
Swerae =Ny g Dig—DupNg.
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Boundary Data Maps and Some Applications

The Basics of Boundary Data Maps contd.

Let A, B € C2%2 be such that rank(A B) = 2, and assume that z € p(Ha g).
Then the boundary value problem

—u"+Vu=zu, u,u €AC([0,R]), ~apu= <?> € C?
2

has a unique solution u(z,-) = uag(z, - ; c1, ) for each ¢, € C.
Let A, B, A, B" € C?*2 with A, B satisfying rank(A B) =2, AJA* = BJB*,

J=(%7'), and similarly for A, B’. Assuming z € p(Ha g), we introduce the

general boundary data map by
Nig (2):C2 = C?,
’ ’ C !/ ’
Nas (2) (c;) =Na% (2)7aBuas(z, - ic. )

= YA,B’ UA’B(Z, -5 C1, C2)?

where ua g(z,-; 1, ¢) satisfies the above boundary value problem.
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Boundary Data Maps and Some Applications

The Basics of Boundary Data Maps contd.

Basis Properties of /\j\\f’g/(z):
Nig (2) = D AR 5(2) + Na s Al 5(2), 2 € p(Has),
Nyg(2) =h, z€p(Has),
N ()N (2)=Nag (2), 2 € p(Hag) N p(Hae'),
! ’ _1
Mg (2) = M5 (@)] ) 2 € p(Hag) N o(Has).
Resolvent Connection:
Theorem 7
Let A, B, A, B' € C>*2 with A, B satisfying rank(A B) = 2, AJA* = BJB*,
= (? Bl ) and similarly for A’, B'.

/\ﬁ.’g (Z)SZ’,B’,AA,B = YA,B’ [’YA',B'(HA,B - 2)_1]*, z € p(Hag).

In particular, /\';\\”BB (‘)S) g/ a5 is a Nevanlinna—Herglotz matrix (i.e., analytic on
C, with nonnegative imaginary part on C_).
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Boundary Data Maps and Some Applications

Krein's Formula and Boundary Data Maps

Corollary 8

Let A, B € C?%2 and A, B’ € C?*2 satisfy rank(A B) =2, AJA* = BJB*,
J= ((1J _01 ) and similarly for A’, B’, and let z € p(Ha g) N p(Ha.5").

(I) IfSA/’B/’AJg is invertible (i.e., rank(SAgB/’A,B) = 2), then

(Hapr —2)7" = (HA B—2)

- Z )i n(8n(Z,°), ) i2((0.R)) 8K(2, ),

k,n=1

where the 2 x 2 matrix P(z) is given by
P(z) = Swp.a8 Nag (2)

and {gi1(z,-),g2(z,-)} is the basis of ker(Hmax — z) satisfying the boundary
conditions va ggi(z,-) = (1,0)" and yaga(z,-) = (0,1)7.
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Boundary Data Maps and Some Applications

Krein's Formula and Boundary Data Maps contd.

Corollary 8 (contd.)

Let A, B € C2%? and A/, B’ € C?*? satisfy rank(A B) =2, AJA* = BJB*,
J= (1 oL), and similarly for A, B, and let z € p(Ha g) N p(Ha,5').

(i) If Sar g/ 4.5 is not invertible and nonzero (i.e., rank(Sa g 4 g) = 1), then

(Hapr —2) " = (Hap —2)7"

-p(z)” (go(Z) )L2 OR))gO( z),

where the scalar p(z) is given by

A’ B’ *
p(Z) = Pran(SA/ B/ A, B)/\A B ( )SA/:B/:A7BPran(sA’.B"A.B) ran(Sy/

.B’.A,B)

and the function go(z, ) € ker(Hmax — 2) is given by

go(z,) = [yaz(Has — 2)71]*|ran(

Sar,8/.A,8)"
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Boundary Data Maps and Some Applications

BD Maps and Krein’s Resolvent Formula Revisited

Theorem 9

Let A, B € C?*2 and A, B’ € C?*? satisfy rank(A B) =2, AJA* = BJB*,
J= ( E ) and similarly for A", B', and let z € p(Ha.g) N p(Ha /).

(I) /fSA’.B',A,B is invertible (I.e., rank(SA/,B/,A_B) = 2), then

(Hap —2) "= (Hap—2)7"

— e (Has — 2)~ ] (A i\‘BB (Z)S:\',B',A,B]_l

[va,8 (Has — 2)71].

(i) If Sar g/ A is not invertible and nonzero (i.e., rank(Sa g 4 g) = 1), then

(Hagr —2)7 ' = (Hag — 2) 71
— s (Has — 27" P‘QGBB/(Z)]?I

[va,e/(Hag — 2)71],

where

ALB' _ AlB’ o
/\A,B (Z) - Pran(SA/.B/,A.B)/\A’B (Z)SAQB’,A.BPT&H(SA/.B'«A.B)’ran(SA/‘B/.A,B)'
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Boundary Data Maps and Some Applications

BD Maps, Fredholm Dets., and Trace Formulas

The connection between BD maps, trace formulas, and symmetrized
perturbation determinants:

Let g = inf (O'(HA’B) U U(HA’.B’))-

Theorem 10

Let A, B € C?%2 and A, B' € C?*? satisfy rank(A B) =2, AJA* = BJB*,
J=(97"). and similarly for A", B'. Then, for z € C\[e, 0),

d Y
trLz((OyR);dX) ((HA/,Br — Z)_1 — (HA,B — Z)_l) = _E In (det(cz (/\ﬁ_’g (Z)))

Perhaps, the most compelling reason to study I\ﬁi’BB/(z) .......
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Boundary Data Maps and Some Applications

BD Maps, Fredholm Dets., and Trace Formulas

Let e = inf (O’(HA"B) U J(HA’,B’))-

Theorem 10 (contd.)

Let A, B € C2%2 and A, B’ € C?*2 satisfy rank(A B) =2, AJA* = BJB*,
J=(97"). and similarly for A’ B’. Then, for z € C\[ep, 0),

detB((O,R);dx)((HA’,B’ —z)Y2(Hag — z)"Y(Harp' — 2)1/2)

— detCZ(NA,B) A B’
= Gore (a2 et (MAE (), deta(Waor) 0

triz(o,Ryax) ((Haner —2) ™t = (Has — 2)71)
d
S _E In (detL2((07R);dX) ((HA’.,B’ — Z)l/z(HA,B — Z)_l(HA’,B’ = z)1/2)>

d ’ !
———n (det(cz (/\Q;g (z))), deter (Nag) detea (N g/) # 0.
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Boundary Data Maps and Some Applications

BD Maps and Spectral Shift Functions

Since [(Ha,r —z)7* — (Has — 2) 7] is at most of rank-two, the spectral shift
function, &(-; Ha g, Ha ), associated with the pair (Ha g/, Ha g) is well-defined.

Using the standard normalization,
§(-iHap,Hag) =0, X<e =inf(a(Hag)Uo(Has)),
Krein’s trace formula reads

triz(o.Rya) ((Has — 2)7' = (Hag —2)71)
= — / 5()\' HA/,B'7 HA,B) d\
[eo,00)

O\ — 2)2 , z€p(Hag)Np(Hap),

where
€(-; Haprs Hag) € LM(R; (A +1)"1d)). (5.1)
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Boundary Data Maps and Some Applications

BD Maps and Spectral Shift Functions contd.

Since the spectra of Ha g and Ha g are purely discrete, &(-; Hagr, Hag) is an
integer-valued piecewise constant function on R with jumps precisely at the
eigenvalues of Ha g and Ha /. In particular, (-; Ha g/, Hag) represents the
difference of the eigenvalue counting functions of Ha g and Ha 5.

Theorem 11

Let A, B € C?%? and A, B' € C?*? satisfy rank(A B) =2, AJA* = BJB*,
J=(97). and similarly for A", B'. Then, for a.e. \ € R,

¢\ Hapr, Hag) =71 I|m Im (In (77A' B.A Bdetcz< (/\ + IE))))

where na g/ aAB = e'x.e'.a8 for some Oa B.A8 € [0,2T).
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Boundary Data Maps and Some Applications

BD Maps and Inverse Spectral Problems

A special case of separated boundary conditions: Define

2 mod(27),(0r+ %) mod(27
/\9079R( ) A(()UO;LR ;) @02 ( )(2)7 9079R € [Oaﬂ-)a zE (C\U(HGO;OR)7
a generalization of the Dirichlet-to-Neumann map
/\DJ\/(Z) = /\05,05 (Z) = /\0’0(2)7 Z e (C\O'(Ho’o).

Introduce the Weyl-Titchmarsh m-functions with the reference point the
left/right endpoint 0, resp., R, denoted by m. g,(z,0r), resp., m_ p.(z,0o).

Then my g,(+,0r) and —m_ g,(-,0p) are Nevanlinna—Herglotz functions and
asymptotically,

m g,(z,0R) favd cot(bp) + o(1), 6o € (0,m),
myo(z,0r) — i2"?+o(2'/?),

m_ g.(z, 0) —cot(9R) +o0(1), 6ge(0,m),
m_o(z,0p) — v —iz/% 4 0(21/2).
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Boundary Data Maps and Some Applications

BD Maps and Inverse Spectral Problems contd.

Theorem 12

Assume that 0y, 0r € [0, 7). Then each diagonal entry of Ny, ¢,(z) (i.e.,
Noy.0:(2)11 0r Noy.0,(2)22) uniquely determines Hy, o, that is, it uniquely
determines V/(-) a.e. on (0, R), and also 0y and 0.

Proof.
It suffices to note the identity

Noy.0(2) = <m+,eo(Z>9R) Noo.0r(2)1,2 )

A90,9R(Z)2,1 *m—ﬁR(Z,eo)

| \

(where Ag, 0:(2)1,2 = Noy.05(2)2,1 -....), and apply Marchenko’s fundamental
1952 uniqueness result (transl. 1973) formulated in terms of m-functions. [

y

Note. This is in stark contrast to the usual 2 x 2 matrix Weyl-Titchmarsh
M-matrix!
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Boundary Data Maps and Some Applications

BD Maps and Inverse Spectral Problems contd.

This has instant consequences for Borg-type (Levinson, etc.) uniqueness
results (such as, two spectra uniquely determine Hy, ¢, etc.).

Conjecture 13

The role m. g,(-,0r) (resp., m_ g,(-,00)) plays for uniqueness results in the case
of separated boundary conditions in connection with Hy, ¢., in general, is played

by the boundary data map A, ( B),B'(A, B)( ) (for a very particular choice of A’, B/
as a function of A, B) in the case of general boundary conditions in connection
with HA,B-

Note. For general boundary conditions indexed by A, B, one now can have
multiplicity-two eigenvalues (as in the (anti)periodic cases), in sharp contrast to
separated boundary conditions. Hence, more than one diagonal entry of

A;\:EA’B)’B/(A‘B)(-) will be involved in general.
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Spectral Shift Functions and Dirichlet-to-Neumann Maps

SSF and D-N Maps: Motivation

e Hint at an extension of SSF, the Spectral Shift Operator (SSO), whose trace
equals SSF.

e Connect SSO with abstract Weyl-Titchmarsh M-operators.

e Sketch applications to Dirichlet-to-Neumann maps for PDEs.

Based to a large extent on:

J. Behrndt, F.G., and S. Nakamura, Spectral shift functions and
Dirichlet-to-Neumann maps, arXiv:1609.08292.
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Spectral Shift Functions and Dirichlet-to-Neumann Maps

A quick SSF Summary:

General Hypothesis.

‘H a complex, separable Hilbert space, A, B self-adjoint (generally, unbounded)
operators in H.

B — A finite rank operator. Then exists £(-; B, A) : R — R such that formally,

tru(p(B) = () = [ NN B A)dA
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Spectral Shift Functions and Dirichlet-to-Neumann Maps

Mark Krein and SSF, 1953-1962:

Theorem.

Assume (B — A) is a trace class operator, i.e., (B — A) € Bi(H). Then exists a
real-valued £(-; B, A) € L}(R) such that

(N B,A) dA
tr((B — zhe) " — (A= zhe) ™ 5 Sa e AN AB).

and [, £(\; B, A) dA = try (B — A).

@ try (Lp( —¢(A) ) Jz @' (NEN B, A dA for (X)) = (A — z)~L.
@ Extends to Wiener class Wi (R ) ©'(\) = [ e da(p).

If § = (a, b) and & N gegs(A) = 0 then

&(b—; B,A) — ¢(a+; B, A) = dim(ran(Eg(0))) — dim(ran( Ea(9))).

@ Spectral shift function for U, V unitary, (V — U) € Bi(H).
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Spectral Shift Functions and Dirichlet-to-Neumann Maps

Mark Krein and SSF, 1953-1962 (contd.):

Theorem.

Assume

(B - zh) ™" — (A= zh)™Y] € Bi(H), z € p(A) N p(B). (+)

Then exists &(-; B, A) €

loc

(R) such that [, [¢(\; B, A)|[(1+A?) "1 dA < oo and

(N B,A) dA
tr30((B — zht) ™ — (A— zlyy) ™ 5 LS AN nB).

The function &(-; B, A) is unique up to a real constant.

@ Trace formula for o(\) = (A — z)~! and () = (A — z) k.
@ Large class of ¢'s in trace formula in Peller ’85.

Birman—Krein formula.

Assume (x). The scattering matrix {S(\; B, A) }xeq,.(4) for the pair (B, A)
satisfies .
det(S(\; B, A)) = e 2™ €NBA) for ae. A € 0.c(A).
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Spectral Shift Functions and Dirichlet-to-Neumann Maps

SSF: Generalizations

L. S. Koplienko '71.
Assume p(A) N p(B)NR = O and for some m € N,

[(B = zl)™™ — (A~ zl)™™] € Bi(H). (%)

Then exists (-; B, A) € L} (R) such that [, [£(X; B, A)[(1+[A)~(™D) dX < oo
and

try ((B—zhy) ™ —(A—zhy)™™) :/Rﬁw; B,A)d), z € p(A)Np(B).

D. R. Yafaev '05

Assume (xx) for some m € N odd. Then exists £(-; B, A) €
Je 1€ B A) (L4 AN~ dX < oo

| \

(R) such that

loc

try ((B—zhy) ™" —(A—zly)™™) = /R ﬁf(k; B,A)d\, z € p(A)Np(B).

v

Note. Yafaev assumes no spectral gaps of A (— massless Dirac-type operators).
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Spectral Shift Functions and Dirichlet-to-Neumann Maps

Quasi Boundary Triples:

S C S* closed symmetric operator in H, ny(S) = n_(S) = oo.

Def. (Bruk '76, Kochubei '75; Derkach—Malamud '95; Behrndt-Langer '07)

{G,To,T1} quasi boundary triple for S* if G Hilbert space and T C T = S*
and g, : dom(T) — G such that
(i) (Tf,g)—(f, Tg) =(I1f,Tog) — (Fof,T1g), f,g € dom(T).
(i) T := (F‘l’) :dom(T) — G x G dense range.
(iii) Ag = T | ker(Ip) self-adjoint.

Example. (—A + V on domain Q, 99 of class C?, V € L>=°(Q) real-valued)
Sf = —Af + Vf [ {f € H¥(Q)| flon = O, f|on = 0},

S*f=—Af+ VF | {f € [2(Q) | Af € [2(Q)},

Tf = —Af + VFf | H*(Q).

Here (Tf,g) — (f, Tg) = (flan, 0vglaa) — (0.f|oq, &laq)-
Choose G = [_2(89), rof = 8l,f|39, Flf = f|89.
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Spectral Shift Functions and Dirichlet-to-Neumann Maps

~v-Field and Weyl-Titchmarsh Function:
SCTcCT=S5*{G,lo 1} aquasi boundary triple (QBT).

Definition.
Let f, € ker(T — zly), z € C\R. ~-field and Weyl-Titchmarsh M-function:

(z):G—=H, Tof,—f, zeC\R,
M(z):G— G, Tof,—Tif,, zeC\R.

@ ~(z) solves boundary value problem in PDE.
@ M(z) Dirichlet-to-Neumann in PDE.

Example. (—A + V, QBT {L3(99),9,f|sq, floa})

Here ker(T — zhy) = {f € H*(Q) | — Af + Vf = zf} and
v(z) : L2(09Q) D HY2(0Q) = L2(Q), ¢+ £,
where (—A + V)f, = zf, and 0, f;|aq = ¢, and

M(z) : L2(8Q) D HY2(0Q) — L2(89Q), ¢ = 8, f|aq — f|sa-
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Spectral Shift Functions and Dirichlet-to-Neumann Maps

Quasi Boundary Triples and Self-Adjoint Extensions:

Perturbation problems for self-adjoint operators in the QBT scheme:

Lemma.

Assume A, B self-adjoint in H and S=ANB, i.e,

Sf = Af = Bf, dom(S) = {f € dom(A) N dom(B) | Af = Bf}
densely defined. Then there exists T C T = S* and QBT {G, o, 1} such that
A=T [ker(lo) and B =T | ker(I'1),

and
*

(B —zh)™ = (A—zl) ™! = — 2(2)M(2) (2)",
where v and M are the ~-field and Weyl-Titchmarsh function of {G, I, 1}
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Spectral Shift Functions and Dirichlet-to-Neumann Maps

Main Abstract Result: First-Order Case

Theorem.

A, B self-adjoint, S = AN B densely defined, and {G,To,1} a QBT,
A=T | ker(lg), and B=T [ ker(l'1). Assume

(A— ply)™t > (B — plyy)t for some p € p(A) N p(B) NR,
Y(20) € Bo(H), M(z1)~ !, M(z) bounded for some z, z1, 2z, € C\R.
Then,
o (B = zhy) ™ — (A= 2hy) ™ = —(2)M(2) 1(2)" € Ba(H),

@ Im(log(M(z)) € B1(G) for all z € C\R,
and

¢(\; B, A) = limmtrg (Im(log (M(X + ic)))) for a.e. A€ R,

el0

is the spectral shift function for the pair (B, A), in particular,

tr (B — zly) ™t — (A — zhy) /5 (B, A A
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Spectral Shift Functions and Dirichlet-to-Neumann Maps

Main Abstract Result: Higher-Order Case

A, B self-adjoint, S = AN B densely defined, and {G,l, 1} a QBT,

A=T [ ker(lo) and B=T | ker(I'1).

Assume
(A—ply)™t > (B —ply)™t  for some pu € p(A) N p(B) NR,
M(z1)~Y, M(z,) bounded for some z;,z, € C\R,
and
df ——dv —1, s\
e C) b (M(2)"'7(2)*) € Bu(H), p+q =2k
d? 1 o d
-7 (M@)7(2)") 5(2) € Bu(H),  p+q =2k,

M(zZ) € Bu (H), j=1,...,2k+1,

]
dzJ

for some k € N.
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Spectral Shift Functions and Dirichlet-to-Neumann Maps

Main Abstract Result: Higher-Order Case (contd.)

Theorem.

A, B self-adjoint, S = AN B densely defined and {G,l,1} a QBT,
A=T | ker(lp) and B =T | ker(l'1). Assume

(A= puhy)™" > (B — phy)™"  for some pu € p(A) N p(B) NR,
M(z1)~*, M(z) bounded for zi,z, € C\R, and B,(G)-conditions.
Then,
0 [(B = zhy)~ kD) — (A — zly) =K € By (H),
o Im(log (M(\))) € Bi(G) for all z € C\R,

and
¢\ B A) = lim 7 'tr (Im(log (M(\ + ic)))) for a.e. A€ R,

is the spectral shift function for the pair (B, A), in particular,

2k +1

tr (B — zhy) ~F) — (A — zhyy)~CkT) = — /
R
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Spectral Shift Functions and Dirichlet-to-Neumann Maps

Remarks:

e If A, B semibounded, i < inf(o(A) U o(B)), then
(A—ph) > (B—pulhy)™? < A<B
in accordance with £(\; B, A) = mttrg (Im(log (M(\ + i0)))) > 0.
o Key difficulty: For z € C* prove that imaginary part of

0 ((2)) = i [ [(WET+ %) ™~ 1+ 0]y

is a trace class operator, Birman—Entina '67, Naboko '87, Carey '76, and
G.—Makarov—Naboko '99.
Extend the exponential Nevanlinna—Herglotz representation

Iog(W):C—l-/

R

1 t =()\- +

on to the real line around p.
@ In Behrndt—Langer-Lotoreichik '13 for self-adjoint elliptic PDOs

[(B = zhy)"CFTY) — (A= zly) "k € By(H), z € p(A) N p(B).
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Spectral Shift Functions and Dirichlet-to-Neumann Maps

Remarks (contd.):

Representation of SSF via M-function:
@ Rank 1, k = 0: Langer—de Snoo—Yavrian '01.
@ Rank n < 0o, k = 0: Behrndt—Malamud—Neidhardt '08.
@ Other representation via modified perturbation determinant for M for k = 0:
Malamud—Neidhardt '15.
Representation of scattering matrix via M-function:

@ Rank n < co: Adamyan—Pavlov 86, Albeverio—Kurasov '00,
Behrndt—Malamud—Neidhardt '08.

@ k = 0: Behrndt—Malamud—Neidhardt '15, Mantile—Posilicano-Sini '15.
Closely connected are

@ Mikhailova—Pavlov—Prokhorov, Intermediate Hamiltonian via Glazman's
splitting and analytic perturbation for meromorphic matrix-functions,
Math. Nachr. 280, 1376-1416 (2007).
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Spectral Shift Functions and Dirichlet-to-Neumann Maps

Example 1: Robin boundary conditions

Agof = —Af + Vf, dom(A,gO) = {f S H2(Q) : ﬂofbg = 8,,f|aQ},
Apf = —Af + Vf, dom(Ag) = {f € H2(Q) : Biflaq = 6Vf|aQ}.

@ Q domain in R”, 02 smooth and compact;
e V € L>®(Q) real and By, B1 € C3(0R) real, By # Pu;
e Neumann-to-Dirichlet map: N (2)d,f|aq = f|sq in L2(09).

Theorem.

For k > (n— 3)/4 one has
o (AB1 = ZIL2(Q))_(2k+1) — (Aﬁ0 - Z/LZ(Q))_(2k+1) S Bl(Lz(Q)).
@ Spectral shift function for the pair (Ag,, Ag,).

§(X Asy, Agy) = lim % tr12(00) (|m (log(Mo(A + iz)) — log(M (A + /'5)))),

where MJ'(Z) = B_;BJ(BJN(Z) — /Lz(ag))( N(Z) — ILZ(aQ))_l, and B € R such
that §j(x) < f8 for all x € 9 and j =0, 1.
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Spectral Shift Functions and Dirichlet-to-Neumann Maps

Example 2: Compactly supported potentials in R”

o A=—Aand B=—A + V with dom(A) = dom(B) = H2(R")
o V € L°°(R") real-valued with compact support in B
Multidimensional Glazman splitting: Instead of {A, B} consider

(e e o (5 pA( oo

L2(R") = L*(By) & L*(BS),
with By C R” a fixed open ball and S = 9B, the (n— 1)-dimensional sphere, and
o A, = —A with dom(A;) = H3(By) N HY(By) in L3(B,);
e By = —A+ V with dom(B;) = H?(By) N Hy(B4) in L2(B.);
e C = —A with dom(C) = H*(BS) N H(BS) in L2(BS).

where

We recall: SSF for the pair (B4, Ay) is (A By, Ay) = Na, (A) — Ng. (A), A eR.
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Spectral Shift Functions and Dirichlet-to-Neumann Maps

Example 2: Compactly supported potentials in R”
(contd.)

Theorem.

For k > (n —2)/4 one has
o [(B — zlpzrm) " kD) — (A — zlj2(rn)) ~(*+D)] € By (L3(R")).
@ Spectral shift function for the pair (B=—-A+ V,A=—-A),

£(\; B,A) = IETS ! tr,_z(&)(lm(log(m()\ +i0)) — log(MNy (A + /0))))
+ Na, (A) — N, (N),
where
N(z) = 1D+ (2) + D_(2)) " 7: L2(0By) — L2(BB,),
Ny(z) =+(DY(2) + D_(2)) " '7: [2(8B) — L2(0B,),

and D, (z) and DY(z) Dirichlet-to-Neumann maps for —A — z/ and —A+ V —z/
on By and BS.

W
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Spectral Shift Functions and Dirichlet-to-Neumann Maps

Example 2: Compactly supported potentials in R”

(contd.)

Here 2 is a uniformly positive self-adjoint operator in L?(S) defined on the dense
subspace H'/2(S) (and ¢ is regarded as an isomorphism from H/2(S) onto

[2(S)), and =1 is the extension of 2~ to an isomorphism from H~/2(S) onto
L?(S). A typical and convenient choice for 7 is (—Ags + ILz(S))1/4, where —Ag is
the Laplace—Beltrami operator on the sphere S.

Note. £(-; B, A) is continuous for A > 0, although Na, — N, is a step function.
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