Isolatedsingularitiesn analyticspaces

Jox Seade

Theseare notes for my lectures at the meeting\On the Geometry and
Topology of Singularities”, in honor of the 60th Birthday of L& Dung Trang.
The aim is to give an introduction to some aspects of singularity theory.
The topics selectedfor this discussionwere chosenhaving also the purpose
of explaining to the participants of the Sdool someof the material that will
be usedin other lecture courses.

The notesare divided into four sections,correspnding to my 4 lectures.

Sectiononediscusseghe local conical structure of analytic sets. Section
two looks more carefully at the caseof complex surface singularities, and
explainstheir relationship with plumbing and Waldhausenmanifolds.

Sectionthree discussesMiilnor's bration theoremfor holomorphic func-
tions.

Finally, in section four we look at additional geometric structures one
hason isolated singularity-germs,namely the cortact, Spin¢ and (with some
restrictions) spin structures on the link. We begin by explainning brie 'y
what is the meanningof having thesestructures.

1 The local conical structure of analytic sets
Let us begin with an example;considerthe Pham-Brieslorn polynomial
f(2)=2°+ +2& ; a>1;

wherez = (zo;:::;2,) 2 ™. It is clearthat the origin 02 "*! is the only
critical point of f, sothe bres V, = f 1(t) are all complex n-manifolds for
t6 0OandV = f 1(0) is a complexhypersurfacewith an isolated singularity
at 0.



We want to study the topology of V and of the V,%. For this let d be
the least commonmultiple of the a; and de ne an action of the non-zero
complexnumbers  on "*! by:

(20, ;z0) 7V ( Fzy; ; Tz

Notice this action satis es:

fO (2o 5z) = ¢ f(zo  z0):
HenceV is an invariant setof the action and onehasthe following property:

Prop erty 1.1 Restricting the actiontot 2 * we get a real analytic ow
f .g (or a vector eld) on "*' whoseorbits are real lines (arcs) which
cornvergeto O whent tendsto O, they escagto 1 whent ! 1, being
transversal to all spheresaround O, and they leave V invariant (i.e., V is
union of orbits).

Notice that this ow de nes a 1-parametergroup of di eomorphisms of

n*l that presene V. In fact we can do more: considerthe unit sphere

S+l and let S, be someother spherearound the origin, of positive radius
r < 1. Now de ne a map

SZn +1 !f Sr .

as follows: given a point x 2 S"*1 let it ow by f g until it reahesthe
sphereS,. This is obviously a di eomorphism. Furthermore, sinceV is union
of -orbits, theintersectionK, = V\ $"*! is mappeddi eomorphically onto
K, = V\ S. Thus we get a di eomorphism of pairs (S2"*1;K,) = (S;:K,).
Doing this for all r within (0; 1) we get a 1-parameterfamily of di eomor-
phismsthat shrinksthe spheremore and more, corvergingto the origin, and
this family presenesthe intersectionsof V with the various spheres.
Thus we arrive to the following:

Theorem 1.2 Thevariety V intersectstransversaly every(2n+ 1)-sphee S
around the origin; hene the intersection K, = V\ S is a smath manifold
of real dimension2n 1 emleddal as a codimension 2 submanifoldof S;.
Furthermore, for eachr, 0 < r < 1, we have a di e omorphism of pairs
("1 K1) = (S;K,). In fact, if  is the unit ball in  "*', then the pair
( nfOg;V nfOg\ ) is di e omorphicto the cylinder over (S*"**;K ), and
( ;V\ ) is homemorphicto the cone over (S*"*1;K ), with vertex at 0.
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Figure 1: The conical structure

In particular, the di eomorphism type of the manifold K, doesnot depend
on the choiceof the sphere. This manifold is calledthe link of the singularity.
It determinesthe topology of V; and the way K, is embeddedin the sphere
determinesthe embedding of V in "*'. These manifolds are nowadays
know as Briesk orn manifolds , becauseE. Brieskorn [9, 10] studied them
thoroughly, obtaining remarkable results about their topology whenn > 3.
There are alsoimportant resultsin this direction by Hirzebruch, Milnor and
others(seefor instanceChapter | in [58]for more about the topology of these
manifolds).

Howe\er, the essencef 1.2 was already known to K. Brauner (1928)in



the caseof two variables, and we brie y explain his results belowv in this
section.

Theorem 1.2 is the paradigm of the following generalresult:

Every (real or complex)analytic space is locally a cone around each of its
points.

The rest of this sectionis dewted to discussingthis statemernt.

Let us consider rst the isolated singularity case.The argumerts in gen-
eral are essetially the same,just more complicatedtechnically.

Let V be a real or complex analytic space, of real dimensiond > 0,
and let 0 be an isolated singular point of V. For simplicity we assumeV
is equidimensionaland locally irreducible at 0. We assumealso that V is
embeddedin somea ne space " and the singular point is the origin.

The aimisto constructavector eld onasu ciently smallball , around
02 " having the samepropertiesasthe above vector eld (or ow), namely:

i) It is everywheretransversalto all the spheresn | certeredat 0. Thus
its integral lines are transversalto all the spheresand convergeto 0.

i) It hasV asan invariant set,i.e., V is union of orbits (integral lines).

We do it in two steps. First we considerthe function ~: "1 [0;1)
de ned by x 7! kxk?, whosegradiert vector eld r r satis es condition (i)
above. The next stepis to \adapt" this vector eld to V in a neighbourhood
of O, so that it becomestangert to V nf0g. For this we usethe Curve
SelectionLemma of Milnor:

Lemma 1.3 (Curve SelectionLemma) Let U be an open neighlmurhaood of
Oin "andlet fq;:::;f;g1; 000 0gs be real analytic functions on U suchthat
O is in the closure of the semi-analytic set:

Z =fx2Ujfy(z) = ::= f(X);andg(x) > 0;8i = 1;:::;80

Then there exists a real analytic curve :[0; )! U with (0) = 0 and
(t)2 Z for all t 2 (0; ).

In practice, f1;:::; ¢ are the functions that de ne V, and g;; :::; gs de ne
a semianalyticsetH in V, cortaining 0 in its closure. The lemma says that
if that happens,then there is a whole analytic curve in H convergingto 0.

This lemma is extremely useful, and using it one can easily prove the
following lemma.



Lemma 1.4 Letg:V\ U! [0;1 ) betherestriction of a real analytic func-
tion g de ned on U, suchthat g 1(0) = f0g. Then 0 is not an accumulation
point of critical valuesof g on V \ U nfQg.

Wereferto Milnor's book [38]for the proof of the Curve SelectionLemma;
he doesit in the algebraiccategory but his proof worksin generalwith minor
(obvious) modi cations. And we refer to Looijenga'sbook [34, p. 22]for a
direct proof lemma 1.4 using the Curve SelectionLemma. In the complex
analytic context, Lemmal.4is a particular caseof the Bertini-Sard theorem.
Milnor, in hisbook, provedthis lemmafor algebraicmapsusinga general(say
\ niteness") result of Whitney about the number of componerts of algebraic
sets.

Now we return to our function =: " ! [0;1 ) dened by x 7! kxk2.
The lemma above implies that there are no critical points of its restriction
r = Hy su ciently near0. Notice that the critical points of r on V nf Qg are
the points whereV nfQg is tangert to a level surfaceof  i.e., tangert to a
spherearound 0. Thus we get that the gradiert vector eld r r of r hasno
critical points on \ (V nf0g), for a suciently small ball , around O.
Hencer r is transversalto all the spherescortained in , and it is tangert
to V nf0g.

Let us now extend (parallel extension) r r to a neighbourhood U; of
V\ ;nfOgin ,. Wedenotethis extensionby €r, and take a partition of
unity to glue the vector elds €r onU; andr ~on , nV.

The resulting vector eld is singular only at 0 and satis es properties (i)
and (ii) above. We denotethis vector eld by v;5q and call it aradial vector
eld forV atO.

Using this vector eld we can now easily concludethat V has a local
conical structure near 0. The manifold K = V\ S, for" > 0 suciently
small, is called the link of the singularity. One has Milnor's theorem:

Theorem 1.5 The link K is a smath manifold of dimensiond 1, whose
di e omorphismtype is independentof the choice of " , and the pair
( »; «\ V) is homemorphicto the coneover (S;S\ V).

Now we considerthe generalcaseof (possibly) non-isolatedsingularities.
For this we needto useWhitney strati cations, that will be studiedin David
Trottman's course(in this Sdool). Here we recall briey what this means
(seefor instance [33] for more on the topic). Let V be as above, a real
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Figure 2: The link determinesthe local topology of the singular variety

analytic space. A strati cation  of V meansa locally nite partition of V
into subsetsV , called strata , sud that:

i) Each V is a non-singularsubanalytic space(in particular a manifold).

i) The closureV of ead stratum in V, andthe setV nV aresubanalytic
spaces.

i) fV\V 6;tenV V:

The strati cation is said to be Whitney regular , or simply a Whitney
strati cation, if it further satis es the,

Whitney condition : for all strata V , V sud that V V , and for
eath sequencgXn;yn) of pointsin V.V converging to a point (y;y) in
V  V, for which existsthe limit T of the tangert spacesTy, (tangert to
the stratum), and alsoexiststhe limit L of the secan linesx,y,, onehasan
inclusionL T.

A theoremof Whitney (in the complexanalytic case)and Hironaka says
that given V as above, and an arbitrary locally nite family fA g of sub-
analytic setsof V, there is a Whitney strati cation of V for which eah A
is union of strata. In this article, fA g is the singular set of V, possibly
intersectedwith a small ball around the singularity we are looking at.

Let us now return to our study of the local conical structure of analytic
sets. We needthe following de nitions.
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De nition 1.6 LetV be areal analytic space equipped with a Whitney strat-
ication fV g. A stratied vector eld on V meansa continuous section v of
the tangentbunde T "jy suchthat at each point x 2 V, the vector v(x) is
contained in the stratum that contains x.

De nition 1.7 A stratied vector eld, de ned on a neighbourhood of a
point p2 V, isradial at p if it is transversalto the intersectionof V with all
su ciently small spheresn " certered at p.

One hasthe following lemma;the rst part of it is dueto M. H. Sdwartz
[53, 54] in the complexanalytic casebut her argumerns (the radial extension
technique) alsowork in the real analytic setting.

Lemma 1.8 LetV be asalove, equipped with a Whitney strati ¢ ation fV g,
and let p be a point in V. Then there exist a strati e d radial vector eld on
a neighlourhood of p in the ambientspace, whosesolutions are transversalto
all su ciently smal spheesaround p, and convemgeto p.

The M. H. Schwartz' technique of radial extensionallows us to construct
a strati ed, radial vector eld ona neighbourhood of ead point of V. To get
it to be integrable and sothat its solutions are transversalto all su cien tly
small spheresaround p (and corvergeto p), one needssomeextra work: as
in the isolatedsingularity casethe Curve Selectionlemmaallows usto prove
this claim on eadt stratum; then one usesthe Whitney conditionsto glueall
thesevector elds into a single one, having the properties we warnt.

We summarizethis discussionin the following well-known theorem (see
for instance[33)).

Theorem 1.9 Let V be a real analytic space, p a point in V, andfV g a
Whitney strati c ation of V. Then:

i) Every su ciently smal sphee S (p) centered at p meets every Whitney
stratum transversaly.

i) Forr > Osuciently smal, the pair ( ((p); ((p)\ V) is homemorphic
to the cone over the pair (S (p); S (p)\ V). Thus,

iii) the homeomorphismtype of the intersection V \ S;(p) does not depend
on the choie of the sphee (provideal this is smal enough).



As before, the variety K, = S(p)\ V is calledthe link of pin V. It
determinesthe topology of V nearp, and its enbeddingin S;(p) determines
(locally) the embedding of V in the amiert space.

To nish this section,let us ervisagebrie y the casesof low dimensional
complexanalytic varieties.

Suppose rst V hascomplexdimensionl. Then its link K is a union of
circles, one for ead branch of V. For instance, if V is de ned by a single
equationf : 2! and

i=1
is its decomposition into irreducible factors, then V hass irreducible com-
ponerts, or brandches. The link K is then a union of s knots in a 3-sphere
S 2. The study of this type of knots is the topic of the coursegiven
by Anne Pichon in this School. For instance,if f is the polynomial z} + zJ

with p;q beingrelative prime, then V is irreducible and its link K is a torus

knot of type (p;q), i.e. it is cortained in a torus S'  S' wrapped so that

it goesaround the torus giving p turns in onedirection and q turns in the

other direction. The caseg2;5) and (3; 4) are depictedin Figure 3.

Figure 3: Toral knots of types(2;5) and (3;4).

If V hascomplexdimensionl andit hasan isolatedsingularity at a point
0, then the link K is an oriented 3-manifold, which is a graph manifold. This



situation will be the topic of next lecture, and much more on the subject will
be said in the courseof Walter Neumann, next weekin this Sdool.



2 On the Topology of Complex Surface Sin-
gularities

In this sectionwe study germsof complexanalytic surfaceswith an isolated
singularity.

Consider rst a singular (reduced)complexcurve C in somesmooth com-
plex surfaceX . An important result for plane curves, due to Max Noether
(1883),is that by a nite sequencef blowing ups we can always resol\e the
singularities of C. Let us explain this with a little more care (see[5] for a
clearaccoun on the subject). Givena smaoth point x in a complexsurface
X, take local coordinates sothat we identify the germof X at x with that
of 2 at 0. Let ustake a small disc U around x and considerthe map:

U fxg! P!which asseciatesto eahy2 U fxgthe pointin P?
represeted by the line determinedby x andy. The graph of is an analytic
subsetof (U fxg) P!, whoseclosure

¥ = graph() (U fxg) p!

turns out to be a smooth complex surface. Notice that X is obtained by
removing x from X and replacingit by the limits of lines corverging to Xx.
Thus we have replacedx by a copy of P?!. There is a projection map

: ¥ | X which is biholomorphic away from E = P! = 1(x). This
transformation is called the blowup of X at x (in the literature this is called
sometimesa -processor a monoidal transformation).

Now, giventhe reduced(maybe reducible) singularcurve C X, with X
asmooth complexsurface,let x be a point in Cgjyg, the singular setof C, and
look at the blow up of X at x, : X! X. Theclosure (C x)in X is
called the proper (or strict) transform of C under the blow up, and denoted
€. Notice that € is obtained by removing x from C and replacingit by the
limits of lines which aretangert to C  fxg. This curve € is analytic in ¥
and projectsto C under ; this curve may still be singular, but somehav its
singularitiesare simpler. We may now repeat the processchoosinga singular
point in €, blowing up X at this point to get ,: X, ! X andthen consider
the proper transform of C in X,, which is the closureof ( , ) }C x),
and soon. The theoremis (see[3, 11.7.1] for a short proof):

Theorem 2.1 Let X be a smamth complexsurfaceandC X an emleddel
reduced curve. Then there is a smath complexsurfae Y and a proper map
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;Y I X obtaina by a nite seguene of blow ups, suchthat the proper
transform € of C in Y is smaoth.

Thecurve E = }(C), is calledthe total transformof C in Y. It consists
of the proper transform € and the divisor  *(Csjng). The theorem above
canbere ned to the following theorem, which will be usedlater in the text.

Theorem 2.2 Let X and C be as alove. Then by performing nitely many
blow ups more, if necessary, we can assumethat the wholetotal transform
E = C) of Cin Y hasonly ordinary normal doublepoints as singulari-
ties, and theseare all away from the proper transform € of C.

We recall that an ordinary normal double point is locally de ned by the
equationfxy = 0Og.

Now considerthe germ(V; 0) of a normal complexsurfacesingularity. The

following important theoremhasa long history. This was rst stated by Jung
but his proof wasnot complete,and was completedlater by Hirzebruch. The
rst complete proof of 2.3 is due to O. Zariski; this was done using blowing
upsand it wasbasedon a previousproof by R. Walker (1935) which was not
correct either. We refer to [3, Ch. 111] for a proof. This result was later
generalizedby Hironaka to all dimensionsand for (real or complex) analytic
spaceswith arbitrary singularities.

Theorem 2.3 Let (V;0) be a normal complexsurface singularity. For sim-
plicity assumeit is de ned in a su ciently small ball around the origin in
some ", sothatV = V 0 is non-singular. Then there exists a non-

singular complex surface ¥ and a proper analytic map : ¥ ! V; such
that:
i) the inverseimageof 0, E =  1(0), is a (connected, reduced) divisor in

¥, i.e. a union of 1-dimensionalcompact curvesin ¥; and

i) the restriction of to (V) is a biholomorphic map between ¢ E
andV .

The surface¥ is calledaresolutionof the singularity of V,and : ¢! V
is the resolution map. Sometimesthese are called desingularizationsof the
singularities instead of resolutions. The divisor E is called the exeptional
divisor.
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Notice that \the" resolution of (V;0) is not unique: given a resolution
¥ we can obtain new resolutions by performing blow ups at points in E.
By Theorem 2.2 above, given a resolution, we can make blow ups on it, if
necessarysothat the divisor E in Theorem2.3is gaod, i.e.:

iii) ead irreducible componert E; of E is non-singular;and

iv) E hasnormal crossingsj.e. E; intersectsk;, i 6 |, in at most onepoint,
wherethey meettransversally, and no three of them intersect.

De nition 2.4 A resolution :¥% ! V is good if its exeptional divisor is
gaod, i.e. if it satis es conditions (iii) and (iv) alove.

Someauthors allow good resolutionsto have irreducible componerts of E
intersectingtransversally in morethan onepoint, and they resene the name
very gaod for resolutionsasin 2.4. This makesno big di erence and we prefer
to keepthe notation of 2.4.

We recall that given a non-singular complex surface ¥ and a Riemann
surfaceS in it, the self-intersection of S, usually denotedby S S or simply
by S?, is the Euler classof its normal bundle (S) in ¥ (which coincideswith
its Chern class)ewaluated in the fundamertal cycle[S]. Equivalertly, S S'is
the number of zeraes, courted with signs,of a genericsection of the normal
bundle (S). It is an exerciseto seethat ewery time we make a blow up on a
smaoth complex 2-manifold, we get a copy of P! with self-irtersection-1.
It is remarkable that the corverseis true: recall that a non-singularcurve in
a smooth complexsurfaceis said to be exeptional of the rst kind if it is a
copy of P! enbeddedwith self-intersection-1, one has:

Theorem 2.5 (Castelnuovo'scriterium) Let X be a non-singular complex
surface and C an exeptional curve of the rst kind. Then S can be blown
down analytically and we still geta non-singular surface X .

This result is in fact a special caseof a more generaltheorem of Castel-
nuovo for exeptional divisors of the rst kind. We refer to [19, Ch. 3] for
a proof. Notice that 2.4 hasthe very important consequencef giving us a
minimal model

De nition 2.6 A resolutionX ! V is minimal if givenany other resolution
0
X 0!V, there is a proper analytic map X °1” X suchthat °= p.
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One has(see[3, 111.6.2]):

Theorem 2.7 Up to isomorphism,there existsa unique minimal resolution
of V, andthis is characterized by not containing non-singular rational curves
with self intersection -1.

We remark that these statemeris are falsein dimensionsmore than 2:
there are not minimal resolutionsin general.

Noticethat the minimal resolutionmay not begood. Forinstance(c.f. [15]),
for the Brieskorn singularity

2 3 7 — .
Zl+22+Z3— ,

the minimal resolution has an exceptional divisor consisting of three non-
singular rational curves meetingat one point, soit is not good; making one
blow up at that point we obtain a good resolution, which hasnow a certral

curve which is a 2-spherewith self-intersection -1, and three other spheres
meetingead the certral curve in onepoint and with selfintersections-2, -3,

-71.

Somethingsimilar happensin general: we can make the minimal resolu-
tion good by performing blow ups, if necessaryand there is a unique (up to
isomorphism)minimal good reso@tion

Considernow a divisor E = ~[_; E; in a complex2-manifold X , whose
irreducible componens E; are non-singular,they all meet transversally and
no three of them intersect. To sud a divisor we canassaiateanr r integral
matrix A = ((Ej)), calledthe intersection matrix of E, as follows: on the
diagonal of A we put the selfintersection numbers E?; and if a curve E;
meetsE; at E; points, we put this number asthe correspnding coe cien t
of A. So this is necessarilya symmetric matrix, whose coe cien ts away
from the diagonal areintegers Oandin  we have the self-irntersection
numbers of the E;, called the weightsof thesecurves.

We have the following remarkable theorems of Mumford and Grauert
(see[3, [11.2]):

Theorem 2.8 If E is the exeptional divisor of a resolutionX ! V, whee

V is a normal surface, then the intersection matrix A is negative de nite
(and the weightsof the E; are all negative numkers).
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Theorem 2.9 Conversely,if thedivisor E in X is suchthat the intersection
matrix A is negativede nite, thenwe can blowdownE analytically; we geta
normal complexsurfae V, in geneal with a singularity at the imageO of E,
and the projection : X ! V is a gaod resolution of (V; 0) with exeptional
divisor E.

A divisor E asabove is usually called an exeptional divisor, meaningby
this that it can be blown down. It is said to be of the rst kind when the
blow down is smaoth.

Notice that we can assiate a weighted graph G = G(E) to a good ex-
ceptional divisor E in a complex2-manifold X asfollows: to ead irreducible
componert E; of E we asseiate a vertex v;, and if the curves E; and E;
meet, then we join the verticesv; and v; by an edge. Each vertex has two
integersattachedto it: oneisthe gerusg, 0 of the correspnding Riemann
surfaceE;; the other is the weight w; = E2 2 , which is the self-intersection
number of E; in X. This weighed graph is called the dual graph of the ex-
ceptional divisor E, or the dual graph of the resolution when E is regarded
asthe exceptionalset of a good resolution of a normal singularity.

We obsene that every nite graph hasassaiatedamatrix | () called
the matrix of adjacenciesof the graph: it has zercesin the diagonal and
if a vertex v; is joined to v; by j edges,then we put this number in the
correspnding placeof | (). It follows that the intersection matrix of the
exceptionaldivisor E is the result of taking the matrix of adjacenciesf the
dual graph and replacingits diagonal by the vector of weights wy;  ;wp,
w; = E; E;.

A beautiful thing of theseconstructionsis that the dual graph of a resolu-
tion allows us to re-constructthe topology of the resolution, and hencethat
of the link of the singularity. For this we needto introduce a construction
known as plumbing This was usedalready by Milnor to construct his rst
examplesof exotic spheresand by Von Randow (1962)in relation with Seifert
manifolds, though it wasHirzebruch who madethis construction systematic.
The plumbing construction is very nicely explainedin [25] (seealso[18]), we
just recall it herebriey.

Let E be a real 2-dimensionaloriented vector bundle over a Riemann
surfaceS, and denoteby D (E) its unit disc bunde for somemetric. The
total spaceof D (E), that we denoteby the samesynbol, is a 4-dimensional
smooth manifold with boundary the unit spherebundle S(E). Notice that
restricted to a small disc - in S the manifold D(E) is a product of the

14



form 2 2 wherethe rst discis - S and the seconddisc is in
the bres of E. Now supposewe are given two sud bundlesE;, E;, over
Riemann surfacesS;, S;. To perform plumbing on them we considerthe
total spacesof the corresmnding unit disc bundlesD (E;), D(E;), we choose
small discs i+, -~ in §;, §, and take the restriction of D(E;), D(E;)
to thesediscs. Ead of them is of the form 2 2 as above. We now
idertify ead point (x;y) 2~ 2 D(E;) with the corresmnding point
(y;x)2 2 D(E;), i.e. interchangingbasepoints in oneof them with
bre points in the other. The result is a 4-dimensional,oriented manifold
with boundary and with corners, which can be smaoothed o in a unique
way up to isotopy. We denote this manifold by P(E;;E;). One sas that
P(Ei; Ej) is obtained by plumbing the bundlesE; and E; over the Riemann

surfacesS; and §;.

Figure 4: Plumbing line bundlesover circles.

The boundary S(E;; E;) = @ (Ei; E;) of this 4-manifold is obtained by
plumbing the correspnding spherebundles S;(E) and S;(E): we remove
from S;(E) and S;(E) the interior of the solid tori @D; 2 and similarly
for Ej. Thus we get two 3-manifoldswith boundary atorus S' S' in ead;
we then identify theseboundariesby glueing the meridiansin one torus to
the parallels in the other. The result is a 3-manifold with corners, which
can be smoothed 0 in a unique way up to isotopy. The surfacesS;;S; are
naturally embeddedin P(E;; E;) asthe zero-sectionsof the corresmnding
bundles,and they meettransversally in one point.

Notice that the manifolds one getsin this way are ertirely descriked, up
to di eomorphism, by the generaof the RiemannsurfacesS;, S;, and by the
Euler classesf the correspnding bundles, sincetheseclassesleterminethe
isomorphismclassof the bundles.

De nition  2.10 A plumbinggraphis a triple ( ;w;g) consistingof a nite
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graph  with verticesvy; v, r 1 and with no loops, a vector w of
weights,w = (wy;  ;w;), w; 2 , andavector g= (g;; ;0) of genen,
g 2

In this de nition by a loop we meanan arrow that beginsan endsin the
samevertex, and we do not allow this (geometrically this meansa singular
curve in the exceptionaldivisor that has a double crossing). There can be
cycles,i.e. a chain of verticesand edgesthat returns to itself after a certain
time. In [42]Neumannconsidersa more generalsituation of plumbing graphs
than the one ervisagedhere, which is important for the plumbing calculus
dewelopedthere, but it doesnot really make a di erence for the presen work.

So the previous results say that dual graph of a good resolution of a
normal singularity is a plumbing graph with negative de nite intersection
matrix. For instance, Figure 5 depicts the resolution correspnding to the
surfacesingularity fzZ + z2 + z5 = 0g.

Figure 5: Dynkin diagrammA,.

More generally the classicalDynkin diagrammsA,, D,, Es, E; and Eg
are the dual graphsof the minimal resolutionsof surfacesingularities of the
form = 2, where is a nite subgroupof SU(2) (seefor instance[58] for
details).

Now, given a plumbing graph we may perform plumbingaacording to the
graph for ead vertexv; take a RiemannsurfaceS; of gerusg; and an oriented
2-planebundle E; over S; with Euler classw;. If thereis an edgebetweenthe
verticesv; and v;, we plumb the correspnding bundlesasabove. If a vertex
v; is joined with other vertices, we choose pairwise disjoint small discsin
eadt surface,asmany asadjacern verticesonehas, and perform plumbing by
pairs asabove. The result is a 4-dimensionalmanifold P (E) with boundary
S(E). It fol§)ws from the construction that the manifold P(E) cortains the
union E = S asa deformation retract, and these surfacesare cortained
in P(E) with self-inersectionw;. Hencethe homologyof P (E) is that of E,
and the intersectionform on P (E) is given by the intersection matrix of its
correspnding graph.

A manifold obtained in this way is known as a plumled manifold, and
this term may refer either to the 4-manifold P(E) with boundary, or to
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Figure 6: Dynkin diagrams.

its boundary, which is a 3-manifold. Notice that if the plumbing graph
( ;w;q) is the dual graph of a resolution : ¥ ! V, then the manifold
P (E) is di eomorphic to a regular neighbourhood of the exceptionalset E
in the resolution, which may be takento be of the form  *(V\ ), where

« is a small closeddisc in the ambient space " with certre at 0. Since
the resolution map is a biholomorphism away from E, it follows that the
boundary S(E) is di eomorphic to the link of V, a fact that we state as a
theorem:

Theorem 2.11 Let : ¥ ! V be a good resolution of (V;0), a normal
surface singularity. Then the irr educible componentsE;;  ;E, of the ex-
ceptional divisor E determine a plumbing graph G(E), called the dual graph
of the resolution, and performing plumbingaccording to this graph we obtain
a 4-manifold homemorphicto  *(V\ ) ¥, whoseboundaryis the link
M, where . is a smal closal disc in the ambientspcae " with centre at
0.

Hencewe know that a plumbing graphis the dual graph of a resolution if
and only if its intersectionmatrix is negative de nite. This givesa necessary
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and su cien t condition for an oriented 3-manifold to be the link of a surface
singularity. Let us nish this sectionby stating a well-known open problem.

Problem 1. Which 3-manifoldsarise as links of isolated hypersurfacesin-
gularities in  3?

In other words, we know from theorems2.8 and 2.9 that an oriented 3-
manifold is a singularity-link if and only if it is a plumbing manifold with
negative de nite intersection matrix. Sothe questionis, amongthesemani-
folds, which onesarise aslinks of hypersurfaces?

This interesting question was studied by various authors in the 1980s,
most notably by A. Durfee and St. Yau, obtaining somepartial results. But
the problem s, at presen, far from being solwed.

We notice that ewery closedoriented 3-manifold embedsin the 5-sphere
with trivial normal bundle, and bounding a simply connectedparallelizable
manifolds. This somehav says that the problem is not only topological, but
oneneedsto look for more subtle (presumably geometric) structuresin order
to characterizethe links of hypersurfacesingularities.
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3 On Milnor's Fibration Theorem

Milnor's Fibration Theoremis a result about the topology and geometry of
the b ersof a holomorphicfunction in a neighbourhood of a critical point.

As in Section1, we begin with the example of the Pham-Brieslorn sin-
gularities,

f(2)=z°+ +2z | &>1;

wherez = (zo;::5;2,) 2 "1, The bres V, = f 1(t) are all complex n-
manifolds for t 6 0 and V = f %(0) is a complex hypersurfacewith an
isolated singularity at O.

Recallonehasa natural  -actionon "*! de ned by:

(zo;  ;z0) 7' ( ¥z Tz,
whered is the least commonmultiple of the &, and this action satis es:
f( (200 z0) = ¢ (207 ;zn):

HenceV is an invariant set of the action. In Section 1 we restricted this
action to the real numbersin , and we usedthe correspnding ow onV
to deducethat V hasa conical structure.

Now we look at the restriction of the above  -action to the unit complex
numbers. One has:

Prop erty 3.1 Restricting the action to the unit circle f& g we get an S'-
actionon "' sud that ead spherearound 0 is invariant and:

f(& (205:520) = € (207 ;20);

that is, if weset = f(z;  ;z), then multiplication by € in " trans-
ports the bre f 1( ) into the bre over ¢

In other words, this action is by isometriesof "*!, its orbits aretransver-
salto the bersf %(t) fort 6 0 and move the points of "*! nV taking
b ersdi eomorphically into b ers. Thus, for every disc in  certered at
0 one hasthat,

fit 1 nrog :f *( nfOg) ! nfog;

isa C! bre bundle. The samestatemert holds if we consideronly the
boundary @ of the disc.
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Moreover, x asmall ball - around O of arbitrary positive radius, and
let > 0 besuciently small with respectto ", sothat all the b ersf 1(t)
with jti > 0 meet transversally the boundary sphereS = @ -. Let
N ("; ) bede ned by:

N )= -\ (f (@ );
where isthe discin  with certer at 0 and radius . Then
f N )! @ ; (3.2)

isaC! bre bundle.
The Manifold N ("; ) is known asa Milnor tube for f . This is the union
of the portion of the b ersf 1(t), jtj = , cortained within the ball

Now obsene onealso has:

Prop erty 3.3 The real analytic ow de ned by restricting the  -action to
t 2 * hasthe additional property that for pointsin "*! nV, the argumen

of the complex number f (z) is constart on ead orbit, i.e., f (2)5f (2)] =

f (tz2)5f (tz)] fort 2, and the norm of f (z) is an strictly increasing
function of t.

We may thus usethis ow to \push" the tube N("; ) to the boundary
sphere.That is, for ead point x in N("; ), considerits orbit under the real
ow de ned by the  -action (restrictedto ™). The point movessothat its
orbit is transversalto all the spheresn - certered at 0, and alsotransversal
to all the tubesf (@ ). Furthermore, at ead point of this trajectory one
hasthat the argumen of f (z) is constart. Now let x move alongthis trajec-
tory until it meetsthe boundary sphereS.. This de nes a di eomorphism
betweenN ("; ) and the sphereS. minus a tubular neighborhood N (K) of
the link K. Onethus hasa b er bundle,

:SnNK) ! @ ;
givenby ! followed by f. Normalizing, we geta b er bundle,

f
:jf—j:S-nN(K) I st (3.4)
With somemore work one can show that this bration actually extendsto
all of S nK.
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Thesetwo brations, 3.2and 3.4,arethe two di erent versionsoneusually
hasof the Milnor br ation asseiatedto the function f . In the sequelwe will
seethat onehasthesetwo brations in general.

In fact the classicalFibration Theoremof Milnor [3§ says:

Theorem 3.5 Letf :( "*1;0)! ( ;0)beaholomorphicmap-germ," > 0
small enoughandlet K = S\ V beits link. Then:

:.f—.:S-nK I st
]

is a (locally trivial) C' ber bunde.

Notice that in 3.5 there are actually two statemeris melted into a single
one: the rst isthat S nK isa bre bundle over S, the other is that the
projection map can be taken to be the obvious one = “f—J One has (see
for instance [58] that the rst statemert actually extendsto a very general
setting, while the secondstatemert is in fact more subtle.

The idea of Milnor's proof is simple: rst showv that the map has
no critical points at all, sothe bres of are all smaooth, codimension-1
submanifoldsof (S n K+) where K = K. is the link. Then construct a
tangert vector eld on (S nK-) which is transversalto the bres of andthe
correspnding o w movesat constart speedwith respect to the argumen of
the complexnumber (z), soit carries bres of into bres of . This proves

onehasa product structure aroundead bre of . For this, to begin, Milnor
shaws that the critical points of (S nK.) ! S', if there were sud points,

is a real multiple of z. To prove this, set

_f —_ A (2) .
(2) = jf—j(z) =d @;

soonehas:
(2) = Re( ilogf (2)):

An easycomputation shows that givenany curve z = p(t) in " nf 1(0),
the chain rule implies:

d (p(t))=dt = Reh%)(t);igradlogf (2)i ; (3.6)
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where h; i denotesthe usual Hermitian product in  "*'. Hence, given
a vector v(z) in "*! basedat z, the directional derivative of (z) in the
direction of v(2) is:

Rehv(z);i gradlogf (2)i :

Sincethe real part of the hermitian product is the usualinner productin 2",
it follows that if v(2) is tangert to the sphereS" 1, then the correspnding
directional derivative vanisheswhenewer i grad(log(f (z))) is orthogonalto
the sphere,i.e., whenit is areal multiple of z; corversely if this inner product
vanishesfor all vectorstangert to the sphere,then z is a critical point of ,
and the claim follows.

Oncewe know how to characterizethe critical points of and how the
argumern of the complexnumber (z) variesasz movesalongpathsin S'nK,
Milnor useshis Curve Seletion Lemma(1.3) to concludethat hasno critical
points at all. This part is a little technical and we refer to Milnor's book
(Chapter 4) for details. It followsthat all bres of aresmaoth submanifolds
of the sphereS. of real codimensionl1. In order to showv that s actually
the projection mapofaC! bre bundle onemust prove that onehasa local
product structure around ead bre. This is achieved in [38] by constructing
avector eld won S nK satisfying:

i) the real part of the hermitian product hw(z);i gradlogf (2)i is identically
equalto 1; recall that this is the directional derivative of the argumen of
in the direction of w(z).

i) the absolutevalue of the correspnding imaginary part is lessthan 1:
jRehw(2); gradlogf (2)ij < 1:

Considernow the integral curves of this vector eld, i.e., the solutions p(t)
of the di erential equationdz=dt = w(t). Sete @ = (z) asbefore. Since
the directional derivative of (z) in the direction w(t) is idertically equalto
1 we have:

(p(t)) = t+ constant:

Thereforethe path p(t) projectsto a path which winds around the unit circle
in the positive direction with unit velocity. In other words, these paths are
transversalto the bres of and for ead t they carry a point z2  1(e'°)
into a point in  1(et°*Y). If thereis a real number t, > 0 sothat all these
paths are de ned for at least a time t, then, being solutions of the above
di erential equation,they will carry eath bre of di eomorphically into all
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the nearby bres, proving that one has a local product structure and is
the projection of a locally trivial bre bundle. Milnor provesthis by showving
that condition (ii) above implies that all thesepaths are actually de ned for
allt2 , sowearriveto Theorem2.1. 2

The previousformulation of Milnor's theorem, besidesof being the origi-
nal formulation in [38], provides se\eral geometricinsights into the topology
of singularities, asfor instanceshawing that the link K isa bred knot (or
link) in the sphereS., a fact usedby Milnor in his book to study the topol-
ogy of the b ersand of the link itself. Furthermore, one hasa \m ulti-link"
structure (which is aricher structure, se€[18], or section4 below) determined
by the map f .

Thereis, howewer, anotherformulation of Milnor's theorem, which is more
famousnowadays, and lendsitself more easilyto generalizations.This seems
to be the most appropriate view-point for algebraicgeometry We call this
the Milnor-L € bration theorem . For map-germsf as above, de ned
on "1 this result is essetially dueto Milnor alone, exceptfor a \little"
point that we explain below. L& completedthis and extendedthe result to
holomorphicmapsde ned on arbitrary complexspaces.Let us rst state the
theoremin "1,

Theorem 3.7 Let S be a suciently smal spheein "*! centered at 0

and chaose > 0 smal enoughwith resgct to " sothat all the bresf 1(t)

with jtj meet S transversaly. LetC = @ bethecirclein  of radius
and centered at 0, andset N("; )=f }C)\ .. Then:

finey:N(; ) ! C =S
isaC! brebunde, equivalentto the bration in (3.5).

The manifold N (*; ) is usually called a Milnor tube for f .

This resultis dueto Milnor ([37, 38]))when02 "*! ijsanisolatedcritical
point of f. Milnor also proved in [38, x5] that for arbitrary f, the b er
f (t)\ . in (3.7)is di eomorphic to the b erin (3.5). The missingpoint
is that he did not prove that (3.7) is a bre bundle (for f with non-isolated
singularity). If f hasanisolatedcritical point, this is an immediate extension
of Ehresmann’s bration lemma, as noted by Milnor in [37]. Howeer, for
generalf onemust prove rst, for instance,that f hasthe so-calledThom
as -property. We recall the de nition of this property in the simple situation
envisagedin this article.
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De nition 3.8 Let (X "*k; p) bearealanalytic space-germandh : (X;p) !

( ";0) areal analytic map with an isolated critical value at 0. Then f has
the Thom prop erty if there existsa Whitney strati cation of X sud that

V = f 1(0) is union of strata, and for ead sequencef points fy,,g X nV

that convergesto a point x 2 V, sud that the limit T of the tangent spaces
Ty. f (f(ym)) exists,onehasthat T cortains the tangert spaceT,(X ),

where X is the stratum that cortains

As mertioned before, Hironaka [24] proved that ewvery holomorphic map
into  hasthe Thom property. Using this, L& proved:

Theorem 3.9 Let(X;p) beacomplexanalyticgermin N, andf : (X;p)!
( ;0) holomorphic. Let" > 0 suciently smal, sothat Ky = X \ SN 1is
the link of X andLy = V\ Ky is thelink of V = f (0). Choosea disc
in ,">> >0, around 0 suchthat all the bersf (t), t2 nfOg,
meet Ky transversaly, andset N("; )=f }¥C)\ ., wheeC = @
Then:
fine:y :N(; ) ! C =8

is a continuous br e bunde.

Furthermore, the tubein this bration canbe\in ated" (seeexplanation
below), sothat it takesthe form of the classicalMilnor bration (3.5), now
dened onKy nlLy.

We remark that the fact that one can choose  sothat all the b ers
f (), t 2 nf0g, meet Ky transversally follows easily from the fact
that f hasthe Thom property, togetherwith the rst Thom-Mather isotopy
theorem.

If X has an isolated singularity at p the proof of (3.9) is rather simple
(and this was proved by H. Hamm [22]). The ideais that since02 isan
isolated critical value,the map f in (3.9) is a submersionand we can lift a
vector eld onthe circle C to avector eld onthe tube N("; ), transversal
to the bres of f. We may further choosethis vector eld to bea C! and
integrable, and alsotangert to N("; )\ S (sincethe b ersare transversal
to the sphere). Sincethe bres are compact, we can assumethat for eat
bre F, thereis atime t, > 0 sothat all solutionspassingby F, are de ned
for at leasttime t,. Then the correspnding local ow identi es F, with all
nearby bres, which arethusdi eomorphic to F, and onehasa local product
structure, hencea bre bundle.
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The proof in generalfollows the sameideas, but it is technically more
dicult. The key point is noticing that also in this situation, the (proof
of the) rst Thom-Mather isotopy theorem givesthat one canlift a smooth
vector eld on C to a strati ed, integrable vector eld on the tube N("; )
(smooth on ead stratum) and transversalto the bres of f . After that, the
proof is exactly asin the isolated singularity case.

Oncewe have (3.9), in order to show that this bration is equivalert to
a bration of the type of (3.5), one follows exactly the samestepsfollowed
by Milnor in [38, Ch. 5]. Up to this point, essetially ewerything works
in the real analytic category but from now on the holomorphic structure
is usedthoroughly. The ideais to showv that there exists a vector eld on
( -\ X)nf %(0) whosesolutionsmove away from the origin beingtransversal
to all the spheresaround 0O, transversal to all the tubesf *(C% and the
argumen of the complex number f (z) is constart along the path of eadh
solution. This allows usto \in ate" the Milnor tubef (@ )\ - in (3.7)
to becomethe complemen of a neighbourhood T("; ) of the link K in the
sphereS, taking the bres of (2.3) into the bres of the map in Theorem
2.1 (just aswe did for the Pham-Brieslorn singularities at the beginning of
this section). Then onemust show that this bration extendsto T("; )nK-..

Problem 2. Let (V;p) be a two-dimensionalcomplexanalytic non-isolated
singularity in 3, say de ned by a map-germf with f (p) = 0, and equip V
with a Whitney strati cation. Let r > 0 be su ciently small, sothat ewery
spherearound p 2 3 meetsewery Whitney stratum transversally, and let
K = V\ S(p) bethe link of p. Now choose > 0 suciently small, so
that for every t with 0 < jtj < , the complex manifold f 1(t) meetsS; (p)
transversally, and set@ = f 1(t)\ S (p). What type of 3-manifold is @& ?,
can we descrile the topology of the link K from that of @

We remark that the existenceof r > 0 asabove comesfrom the fact that
ewvery complexanalytic map-germ " ! hasthe Thom a; -property, by a
theorem of Hironaka (improved by Parusinsky few yearsago).

Of coursethe same questionsare valid in higher dimensions. Notice
F=1f 1(t)\ ,(p)isthe Milnor bre of f. If p werean isolatedsingularity,
then the link K is smooth and @ is di eomorphic to K. In general,there
is a collapsingmap F ! V, de ned by L& Dung Trang in [28] and others,
which can be usedto study the above problem.

Let us now say a few words about the topology of the b ersin Milnor's
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bration. This will be explainedin much more detail, and in a more general
setting, in L& Dung Trang's coursenext week.

First notice that the description of this bration asin Theorem 3.9 im-
plies that the bers,F, = f (t)\ ,(p), are Stein spaces. Therefore the
theorem of Andreotti-Frankel [2] says that they have the homotpy type of
CW-complexesof real dimensionn, wheren is the complexdimensionof F;.
This holds for all holomorphic map-germs,regardlessof whether or not the
critical of f at O is isolated. This same statemen was proved directly by
Milnor using the real-valued function |f j, restricted to F,. The rst obser-
vation for this is that Theorem 3.9 implies that F; can be consideredas a
compactmanifold with boundary the link K. Now, although jf j may not be
itself a Morse function on F, its Morse index is well de ned at ead critical
point, and Milnor shaws that the fact that f is holomorphic implies that
all its Morse indices are necessarilymore than n. Then, one can always
appraximate jf j by a Morse function f', which agreeswith jf j away from a
neigtborhood of its critical seton F;. Then the Morse indicesof f* must be
alsomorethan n, thusimplying that F; hasthe homotopy of a CW-complex
of dimensionn.

In the special casewhen f has an isolated critical point, the previous
statemernts canbe madestronger,asproved by Milnor. In fact, usingnow the
bration asin Theorem3.5, onehasthe the compactmanifold with boundary
F; isembeddedin S in sud away that it hasthe samehomotopy type asits
complemen (sinceS nF; isa bre bundleover with b erdi eomorphic to
F¢). Then, the Alexanderduality theoremimpliesthat the reducedhomology
of F; vanishesin dimensionslessthan n. With a little extra work one can
show that for n > 1the b er F; is simply connected,which implies, together
with the previousstatemert, that if is(n 1)-connected.Milnor further shows
that the homology group H,(F;) (with integer coe cien ts) is free abelian,
and the Hurewicz theorem implies that for n > 1 it is isomorphic to the
homotopy group ,(F;). From this onegets:

Theorem 3.10 The ber F; has the homotopy type of a CW-complex of
middle dimensionn. Furthermore, if f hasan isolated critical point, then F;
actually hasthe homotopytype of a bouquetof sphees of dimensionn,

Fe' Sh

the numbker of spheesin this walge being some positive integer (unlessf
is regular at O, then = 0).
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For instance, for a Morse function z3 + + z2 onehas = 1. More
generally as proved by Pham in [] (and later by Milnor), for the polynomial
mapf(z) = zy°+ + z¥ onehas:

=(@ 1) (a 1):
De nition 3.11 The alobvenumtber is called the Milnor numkber of f .

This number is an important invariant of isolated hypersurfacesingulari-
ties. By de nition, it measureghe rank of the middle homologyof the Milnor
bre F;, which has homologyonly in middle-dimension. This invariant has
been generalizedin various ways for non-isolated singularities, giving rise
to the so-calledLe-numters and classes as well asto the so-calledMilnor
classes We refer to [36] for the former, and to [8] for the latter.
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4 Additional geometric structures on surface
singularities

We now restrict the discussionthe the casewhenV is a complex analytic
surfacein some N with an isolated singularity at 0, though much of what
we will say holds for higher dimensionalcomplexanalytic varieties.

ThusV = V nf0g is a complex 2-dimensionalmanifold and the link
K = V\ S isan oriented 3-manifold. We know from the previous section
that the di eomorphism type of K does not depend on the choice of the
sphereS usedto de ne it. In fact, slightly more re ned argumerts, due
independerly to Durfee [17] and Le-Teissier[33] shav that this statemen
can be mademuch stronger: the di eomorphism type of the link K depends
only on the analytic structure of V at 0 and not on other choices,sut as
the equationsusedto de ne the embeddingof vV in N, the metric, etc.

This meansthat whatewer invariant of 3-manifoldsone has, is naturally
an invariant of surfacesingularities. This hasbeenusedfor various authors,
sud aslLaufer, Durfeeand seeral othersincluding myself, to obtain informa-
tion about surfacesingularities (seefor instance Chapter IV in [58] for more
on the subject). More recerly, Nemethi and others have been getting re-
markable resultsfor surfacesingularitiesusingsomeof the recernt 3-manifolds
invariants coming from gaugetheory, sud asthe Seiberg-Witten invariants,
Floer homology etc.

In this sectionwe look brie y at some ner structuresonehasonthe man-
ifoldsV andK, that allow usto useimportant ideasand tools of other areas
of geometryand topologyto study surfacesingularities. Thesestructures are
somehav the basicground for the useof the recert new manifolds-invariants.

4.1 Contact structures

A cortact structure on an odd dimensionalmanifold M is a eld of tangert
hyperplanesH, called contact hyperplanes satisfying a certain maximal non-
integrability condition, that we now explain. At ead point of M the eld H
of hyperplanesis de ned locally by a (non-unique) 1-form , whosekernelis,
at eat point x, the given hyperplaneH,. The 1-form is called a contact
form if the 2-form d is non degenerateon eah H,. This meansthat at
eadh point x the alternate bilinear formd , : H, Hy! satis es that if
d (x;y)=0forallx2V,theny= 0.
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Notice that the classicalfrobeniusintegrability theoremsays that a eld
of hyperplanesis integrableat a point x if the correspnding 1-form! satis es
I ~d! = 0. Thus a cortact form is in somesense\as far as possible” from
beingintegrable. The form that de nes the hyperplanesis locally unique up
to multiplication by a non-vanishing function, and this doesnot changethe
fact of being a cortact form. Thus tis condition dependsonly on the choice
of hyperplanes.

The simplestexampleof a conatct structure is givenon  2"*! by equiping
it with coordinates(q; p;y) = (h;  ;G;P1;  ;pn;Y) and its usual contact
form = dy pdg Animportant theoremof Darboux acually says that this
exampleis \univ ersal”, in the sensethat ewery cortact form is equivalert to
this one, up to a smaoth changeof coordinates.

Now let V N be an ane complex analytic variety of dimension
n > 1, with an isolated singularity at 0, and let K be its link. Then K is a
codimensionl oriented submanifoldof V = V nf 0g, and thereforeits normal
bundle (K) istrivial. At ead x 2 K, onehasarealline ,(K); multiplying
ead vector in this line by the complexnumber i we obtain areallinei 4(K)
in the tangert spaceTK . If weendavV with the hermitian metric inherited
from that in N, onecan considerthe orthogonal complemen H, of i ,(K)
in TyK. An important theorem of Varchenko says:

Theorem 4.1 The eld of hyperplanesthat one getsin this way satis es the
maximal non-integrability condition, and therefore de nes a contact structure
on K. Moreover, this contact structure is independentof all choices, up to
contact di e omorphism.

We follow [13] and call this the canonical contact structure on K.

4.2 Spin and Spin® structures

We recall that given a smaoth n-manifold M, one has its tangert bundle
TM with structure group (GI(n); ). This meansone has a smooth atlas
for M, sud that on ead coordinate chart TM is trivial, and the transition
functions U\ U; have natural liftings to (U;\ U;) ", where " is being
regardedasthe correspnding tangert spaceand the mapson thesetangert
b ersarelinearisomorphismsthat is elemes in (Gl(n); ). Theseclutching
functions on the charts (U \ U;) " allow us to reconstruct not only M,
but alsoits tangert bundle TM.
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In other words, we have assaiatedto TM a principal (Gl(n); )-bunde
P(M;GI(n)) over M, whose b er over eah point x 2 M is the group of
linear isomorphismsin the tangert spaceT,M. We can always equip M
with a Riemannianmetric. This meansthat on ead tangert spacewe have
introduced a non-degeneratebilinear form, that varies smoothly over M.
Since (Gl(n); ) hasthe orthogonal group O(n) as a deformation retract,
having a Riemannianmetric on M allows usto reduce the structure group of
TM from (GIl(n); ) to O(n), that is, we cantake all the clutching functions
of TM to be elements in O(n).

In other words, equipping TM with a Riemannian metric meansthat
we have retracted the bundle P(M; GI(n)) over M to the principal bundle
P(M;0O(n)), whose b er over eah point is the group O(n) of orthogonal
transformationsin the tangert space.This group canalsoberegardedasthe
spaceof orthonormal framesat the tangernt space,and thereforeP (M ; O(n))
is often referedto asthe bunde of orthonormal framesover M.

If we now supposethat the manifold M is orientable, then to actually
equip M with an orientation meansthat we are choosing all the clutching
functions of TM to be linear mapswith the samedeterminart, that is, el-
emerns in SO(n). This meanswe have reduced the structure group of TM
further to SO(n). We thus have a correspnding principal SO(n)-bundle
P(M;SO(n)) over M.

We recall that SO(2) is the group of rotations of 2and thereforecan be
identied with the circle St. Forn 3 onehasthat the fundamertal group

1(SO(n)) is cyclic of order 2. This meansthat its universal cover éO(n) is

a two-fold cover p: $0(n) ! SO(n).

De nition 4.2 For n 3 the Spin(n) group is de ned to be the universal
covering group if;O(n) of SO(n).

For n = 2, Spin(2) can be de ned to be S! regardedas the double cover
of SO(2) S'viathe mapz 7! z°.

We remark that this geometricde nition of the spin groupsis certainly
correct and useful for many purposes,but it hides away many important
additional properties. In fact the Spin(n) group is naturally a subgroup of
the group of units of the Cli ord algebraof " and inherits from it its group
structure. We refer to the literature for more on this topic.

For us, in this lecture it is enoughto think of the spin groupsasde ned
above. In fact we are mostly interestedin the casesn = 3; 4, and one knows

30



very well these groups: SO(3) is di eomorphic to the real projective space
P2 and therefore
Spin(3) = S = SU(2);

where the 3-sphereS® is being regarded as the group SU(2) of complex
matrices of the form,

VA4

Z 4

with determinart 1.
For n = 4 oneknows that SO(4) = (SO(3) $?) and therefore one has:

Spin(4) =S S=SU@R) SUQ):

De nition 4.3 A spin structure on an oriented manifold M means a lifting
of its structure group from SO(n) to Spin(n).

In other words, one has a principal Spin(n)-bundle P (M ; Spin(n)) over
M, together with a projection map P(M ; Spin(n)) ! P(M;SO(n)) which
on ead b er restricts to the double cover Spin(n) !  SO(n).

Just asnot every manifold admits an orientation, sotoo, not every mani-
fold admits a spin structure. This canbe easilysaidin terms of characteristic
classegwe refer to the literature for a proof of the following statemeris): M
compactadmits an orientation i its rst Stiefel-Whitney classw;(M) van-
ishes,and it admits a spin structure i onefurther hasw,(M) = 0.

If M admits a spin structure, then it may admit se\eral sudh structures,
and any two of them are regardedas equivalert (or being lousy, as being
"equal”) if the correspnding principal bundles are isomorphic. It can be
proved that for M compact, the di erent spin structures on M, a manifold
with w;(M) = wy(M) = 0, are classi ed by the cohomologygroup H1(M)
with , coe cients.

De nition 4.4 A spin manifold means a (usually smath, but this concept
can be adapteal to topological manifolds) manifold M, equipped with an ori-
entation and a compatible spin structure.

Thus, for instance,every smooth manifold which isa ,-homotopy sphere
admits a unique spin structure.

Spin manifoldshave remarkable geometricand topologicalproperties,and
we refer for instanceto the beautiful book of Lawson and Michelsonfor an
accourt on the subject.
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There are howeer very interesting manifolds which are not spin, as for
instancethe complexprojective space P2. Thus, we now introducea larger
classof manifolds, the Spin® manifolds, which also have remarkable prop-
erties and have the additional feature that every Spin manifold and every
complexmanifold is canonically Spin®.

Thesestructures are the starting point for the theory of Seiberg-Witten
invariants, discussedn the coursesof Ron Stern and A. Nemethi.

For this we must rst de ne the Spin® groups.

De nition 4.5 Consider the sulgroup SO(n) SO(2) of SO(n + 2), and
the projection map,

p:Spin(n+2)! SO(n+ 2):
The group Spin¢(n) is by de nition p }(SO(n) SO(2)).

De nition 4.6 A Spin® structure on an oriented manifold M means that
we haveequipped M with an oriented 2-plane bunde D with structure group
SO(2) suchthat the principal SO(n) SO(2)-bunde correspndingto TM

D lifts to a principal Spin®-bunde.

The bundle D is called the determinant bunde of the Spin® structure.

Thus, for instance,if M has a spin structure, then we can take D to be
the trivial bundle M 2 and onehasan induced Spin® structure. That is,
ewvery Spin manifold is canonically Spin¢, with trivial determinart bundle.

On the other hand, if M is a complexn-manifold, then TM is a complex
bundle, then it is automatically oriented. In this casethe structure group
of TM is GL(n; ) and by choosing a hermitian metric we f£an reduce it
further to U(n), which is a subgroupof SO(2n). Let K = "TM be the
correspnding anti-canonical bundle of M, dual of the bundle of holomorphic
n-formson M. The complexbundle K is 1-dimensionaland soits structure
groupisU(1) SO(2). Then the structure groupof TM K is canonically
a subgroupof SO(2n) SO(2) and it hasa canonicallifting to Spin¢. Hence
grery complexmanifold is canonicaly Spin€, with determinart bundle K =

"T™M.

Now considerthe casewhenM = V = V nO0, whereV is the above
complexsurfacewith anisolatedsingularity. This is a complexmanifold, and
thereforeit hasa canonicalSpin® structure. Sincethe link K is a codimension
1 oriented submanifoldof V , it followsthat its normalbundlein V istrivial,
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and it hasa canonicaltrivialization by the unit outwards normal vector eld.
Hencethe canonical Spin® structure on V. de nesoneon K.

That is,onehasthe following result, rst dueto Nemethi and Nicolaescu
in [41], where they stduy the Seikerg-Witten invariant of the link K with
this Spin® structure.

Prop osition 4.7 The link K of an isolated complexsurfae singularity has
a canonical Spin¢ structure.

4.3 The hyp ersurface case

Now assumethe surfaceV is de ned by a single equationf : 3! ;
V = f 1(0). Notice that on the regular points of eah surfaceV, = f 1(t)
one has a canonical, nowhere-\anishing holomorphic 2-form ! obtained by
cortracting the 3-form dz; » dz,  dzz with respect to the vector eld r f =
(&-;2;2). Inlocal coordinates! is:

leA d22 _ deA d23 _ ngA le_

@=-@ O=@ 0O=@,

It is easyto seethat the 2-formson the right hand side of this equation,
which are de ned wherethe denominatoris not zero, coincidewhenany two
of them are de ned and sothey give a global 2-form on the regular part of
eath V;, which coincideswith the one given by cortracting € with r f .

Assumefor simplicity that 0O is the only critical point of f , and consider
againthe complexmanifold V = V nf0g. The structure group of its tangert
bundle TV is GL(2; ), and we can always reduceit to U(2) by endaving
V with someHermitian metric. If we try to reducethe structure group of
TV further to SU(2) we may run into problems, sincethis is not always
possible. The obstruction for doing sois the rst Chern classof TV (c.f.
IV.1 in [58]). To seethis we notice that U(2), being the structure group
of TV , acts naturally on the spaceof di erential forms (of all degrees)on
V . In particular it acts on the forms of type (2;0), i.e.,pn the sections
of the bundle asswiated to TV whose bre at x 2 V is @9 T V ; this
is isomorphicto the bundle of holomorphic 2-forms oV, which is called
the canonical bunde K of V . The action of U(2) on = @9 T,V is by the
determinart, and SU(2) is preciselythe subgroupof U(2) which actstrivially
on K. Hencewe canreducethe structure group of TV from U(2) further to

(4.8)
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SU(2) if and only if the bundle K is trivial, andthe speci c reductionsof the
structure group of TV to SU(2) correspnd to the speci ¢ trivializations
of K. Now, the canonicalbundle K is 1-dimensional,so it is classied (up
to a di erentiable isomorphism)by its Chern class,which is the negative of
the rst Chern classof V . Hencecy(V ) vanishesi K is trivial and this
happensi we canreducethe structure groupof TV to SU(2).

Now equip V with the above holomorphic 2-form ! . Then this form
de nes a speci ¢ reduction to SU(2) of the structure group of TV . Since
SU(2) is isomorphic to the group of unit quaternions Sp(1), this means
that we have at eat point of V multiplication of tangert vectors by the
quaternionsi; j; k.

Now choose, at eat point x 2 K, a normal vector eld (x) of unit
length and pointing outwards. Multiplying (x) at ead point of K by the
guaternionsi; j; k, we getatrivialization  of TK, the tangert bundle of the
link. This trivialization of TK was called in [55] the canonical framing of
the link K. This determinesa canonicalspin structure on K, and therefore
de nes a Spin® structure too, which coincideswith that of [41] explainedin
the previous section.

We remark that the previous discussiongeneralizesimmediately to all
germsof complex surfaceswith an isolated completeintersection germ, and
to someextent to all normal Gorensteinsurfacesingularities(see[58]). Notice
that the above discussionalsoimplies that the holomorphic2-form! is well-
de ned and newer-vanishing on the Milnor b ersF; of f. Henceit de nes a
reduction to SU(2) of the structure group of TF,. SinceSU(2) Spin(3)
one also has a Spin structure on all of F;. If one considersthe bre F; as
a compact manifold with boundary K, asin the previous section, then one
getsthat the spin structure on K extendsto F;.

One gets:

Theorem 4.9 Let (V;0) be an isolated 2-dimensionalcompleteintersection
singularity. LetV =V nf0Og andlet K beits link. Then:

i) The structure group of the tangentbunde TV hasa canonical reduction
to SU(2) Sp(1).

i) This reduction to Sp(1) of the structure group of TV de nes a canonical
trivialization rho of the tangentbunde TK, determined by the three tangent
vector elds i ,j , k , whee is the unit normal outwards vector eld of
KinV.
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iii) The trivialization rho of TK determinesa canonical spin structure o
the link, which in this case coincides with the canonical Spin€ structure of
Nemethi and Nicolaescu. With this spin structure, the link K is the spin-
boundary of the Minor bre F;.

iv) The 2-plane eld on K spanned by the vector elds j , k determinesthe
canonical contact structure on the link K, and the vector eld i is (up to
saling) the Reebvetor eld of the contact structure.
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