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Deterministic transport in ratchets

Antonio Sarmiento*
Instituto de Matema´ticas, Unidad Cuernavaca, Universidad Nacional Auto´noma de Me´xico, 62200 Cuernavaca, Morelos, Mexico

Hernán Larralde†

Instituto de Fı´sica, Laboratorio de Cuernavaca, Universidad Nacional Auto´noma de Me´xico, 62200 Cuernavaca, Morelos, Mexico
~Received 27 August 1998; revised manuscript received 14 December 1998!

We present the deterministic transport properties of driven overdamped particles in a simple piecewise-linear
ratchet potential. We consider the effects on the stationary current due to local spatial asymmetry, time
asymmetry in the driving force, and we include the possibility of a global spatial asymmetry. We present an
extremely simple scheme for evaluating the current that is established on the ratchet within an ‘‘adiabatic’’
approximation, and compare the results with exact numerical integration of the process.
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I. INTRODUCTION

Many interesting aspects of transport properties of p
ticles in ‘‘thermal ratchets’’ have been recently report
@1–10#. In their simplest versions, these models consist
independent overdamped particles in a piecewise-lin
‘‘sawtooth’’ potential and subject to an oscillating drivin
force and thermal noise~both with zero mean!; these models
have received the name of ‘‘periodically rocked ratchet’’
the literature@3,7#. The crucial point in these models is th
they are not symmetric under the exchangex→2x. The su-
perimposition of the broken symmetry and the driving for
gives rise to a stationary flux even in situations where p
thermal noise would not produce one. As the symmetry
be broken in the potential, in the driving force, or in both,
is possible to obtain a nonmonotonic dependence of the
on the driving strength and even one or more flux revers

A usual approach to the periodically rocked ratchet pr
lem is to write the Fokker-Planck equation for the proce
@14#, and to try to determine from it the flux propertie
within certain approximations. This approach is quite s
cessful in describing the system consisting of a piecew
linear potential and a piecewise constant driving force@1#, in
the approximation of very low driving frequency. As it turn
out, most of the interesting behavior of these thermal ratch
is due to the deterministic mechanical transport propertie
the ratchet, the effects of the thermal bath being import
only when the deterministic current is extremely small
zero. This is in contrast with other ratchet models, for e
ample one where the asymmetric periodic potential is tur
on and off periodically, the so-called ‘‘flashing ratche
model @7,11–13#, where the overdamped deterministic m
tion never induces transport.

The main point of this work is to study the determinis
behavior of overdamped transport in periodically rock
ratchets. A comparison of our results with results for ‘‘the
mal’’ ratchets may serve as an aid to establish to what ex
the ‘‘thermal bath’’ affects and/or determines the interest
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transport properties of these systems.
Specifically, we study the deterministic transport prop

ties of a general sawtooth ratchet under an asymmetric d
ing force that oscillates with a very low frequency. We pr
pose a very simple scheme for calculating the current,
compare our results to the direct numerical integration of
motion. As expected, most of the features found in therm
ratchets are already present in the deterministic case. As
treatment is so straightforward, we can easily generalize
include ~i! random duration asymmetric driving forces~i.e.,
not necessarily periodic in time! and ~ii ! the case in which
the spatial symmetry is broken also at a global scale~i.e.,
there is a global drift!. We find that it is possible to have
transport against the drift, and up to two reversals of
current.

II. THERMAL VS DETERMINISTIC BEHAVIOR

By transport in a thermal ratchet, the overdamped mot
of a test particle in a periodic potentialV(x) with broken
spatial symmetry and subject to a driving forceF(t) in the
presence of a Gaussian noisej(t) obeying ^j(t)j(s)&
52kTd(t2s) is understood. The corresponding Langev
equation is then

ẋ52
]V~x!

]x
1F~ t !1j~ t !. ~2.1!

A deterministic ratchet is defined identically but in the a
sence of the thermal noise.

Let us now consider the thermal ratchet model by Ma
nasco@1# as extended to incorporate periodic driving forc
which possess temporal asymmetry by Chialvo and Millon
@2#. For the piecewise-linear potential they considered,
average current is

^J&5
1

tE0

t

J„F~ t !…dt

5
1

2 F ~11e!J~A!1~12e!JS 2
11e

12e
AD G ~2.2!
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for a zero mean driving force,^F(t)&50, given by

F~ t !55 2
11e

12e
A if 0<t,

1

2
t~12e!,

A if
1

2
t~12e!,t<t,

~2.3!

where21,e,1, ande50 implies a symmetrical driving
force @Fig. 1~b!#.

Let us recall that for the approximations in this approa
to be valid, the driving forceF(t) has to be applied during
long lapse in either direction, i.e., the driving frequency h
to be very low; for the case described by Eq.~3!, this means
thatt must be larger than any diffusive relaxation time in t
model. As we shall see, this approximation entails anot
crucial assumption: the distances traveled by a particle
each direction are much larger than the size of the perio
the potential.

In order to analyze the role of the thermal bath, we ta
the limit of the average current as the temperature goe
zero, i.e.,

^J&05 lim
kT→0

^J&

5
1

2 F ~11e! lim
kT→0

J~A!1~12e! lim
kT→0

JS 2
11e

12e
AD G .

~2.4!

FIG. 1. ~a! Piecewise-linear potentialV(x) as a function of the
position x; its period isl5l11l2Þ1. The two possible spatia
asymmetries are sketched in terms of the parametersh for the local
asymmetry andb for the global asymmetry~both defined in the
text!. ~b! Periodic external driving forceF(t) with a temporal asym-
metry but zero mean value.
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Now, it turns out that

lim
kT→0

J~F !

5H 0 if F1<F<F2

1

l FF2
Q2

dQ1l1l2F G if F,F1 or F.F2,

~2.5!

where

F1
2
5

Q

2l1l2
@7~d214l1l2!1/22d#, ~2.6!

so that^J&0 has the behavior shown in Fig. 2 for differen
values ofd ande51/2.

From this graph it is immediately seen that the main fe
tures of the average current, its nonmonotonic behavior
asymptotics, and the possibility of its reversal, are presen
the dynamics of the ratchet when the temperature is n
These observations give two suggestions.~i! The behavior of
a deterministic ratchet~defined identically but in the absenc
of thermal noise! could well explain most of the transpo
properties when it is immersed in a thermal bath, and~ii ! the
thermal bath will play a definitive role only when the dete
ministic average current is vanishing.

The features of the average current when the tempera
vanishes can be easily derived in terms of a very sim
scheme that we present in the following. Our results sh
that the qualitative behavior of a thermal ratchet is indee
dictated by the dynamics of the corresponding determini
ratchet, from which we conclude that the thermal bath mo
fies the rachet’s behavior when the average current is ze,
i.e., for the case of the previous model ratchet, when
force amplitude is in the interval@F1,F2#, whereF1 andF2
are the roots defined by Eq.~2.6!.

FIG. 2. Limit values of the average current^J&o when the tem-
perature vanishes as a function of the amplitudeA of the temporally
asymmetric driving force for a fixed value of its degree of asy
metry e51/2. The values ofd5l12l2 are 27/10 ~solid line!, 0
~dashed line!, and 7/10 ~dot-dashed line!. Note the symmetry
^J(2A,2e)&o52^J(A,e)&o .
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III. TRANSPORT IN A DETERMINISTIC RATCHET

For our analysis of the deterministic transport in ratche
we have developed a very simple approach and a sim
computer program for the calculation of the net current.
begin with, let us take a system composed of a very la
number of teeth, all identical in shape and orientation~Fig.
1!. There are two kinds of spatial asymmetry in this ratch
~i! a local asymmetry that we shall specify by a parame
denoted ash, and ~ii ! a global asymmetry that induces a
overall slope to the potential. The parameter that descr
the local spatial asymmetry is defined by

h5
m22m1

m
, ~3.1!

while the parameter that characterizes the global asymm
is

b5
m2l22m1l1

ml
, ~3.2!

wherem5m11m2 andl5l11l2. Note that~i! the spatial
periodicity of the potential,l, is no longer taken to be equa
to unity, and~ii ! the parameter previously used for the d
scription of the local spatial asymmetry,d, is related to the
new oneh through the value of the parameter that specifi
the global spatial asymmetry,b.

We also consider the effect of a temporal asymmetry
the driving forceF(t), which modifies the behavior of th
ratchet. Equation~2.3! and Fig. 1 correspond to the case o
periodic driving force, for which the asymmetry is specifi
by the parametere, which determines the fraction of the tim
the force acts in each direction, the so-called periodic, roc
ratchet@3,7#. A different scenario for which this approach
also appropiate is the case in which the driving forces are
periodic but rather are applied in alternating directions
intervals of time with random duration. To ‘‘build in’’ asym
metry in this case, we choose the intervals in which the fo
is applied to the right from a distributionP1(t) ~with mean
^t&1), and those in which it is applied to the left fromP2(t)
~with mean ^t&2). To insure that the time average of th
force is zero, the amplitude of the forces applied to the ri
is (^t&2 /^t&1)A, where A is the amplitude of the force
applied to the left. The asymmetry parameter in this cas
given by e5(^t&22^t&1) /(^t&21^t&1) . Both cases, pe
riodic and random duration driving force, are indistinguis
able in the following discussion.
,
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For this simple ratchet, motion of a test particle will tak
place when the amplitude (11e)A/(12e) of the piecewise-
linear driving force applied to the right, say, during a lap
u1 , is enough to overcome the tooth height. If such is
case, the speed of the test particle during the upward pa
the trip will be v15(11e)A/(12e)2m1, wherem1 is the
absolute value of the first~ascending! slope, andv25(1
1e)A/(12e)1m2 during the downward trip, wherem2 is
the absolute value of the second~descending! slope. The
total time required to travel over one tooth is thent1

5l1 /v11l2 /v2. After the timeu1 has elapsed, a force in
the opposite direction is applied during a timeu2 . If the
amplitude A is not large enough to overcome the seco
slope of the tooth~i.e., A<m2), then the particle will not
move until u2 has elapsed and the force to the right is a
plied again. IfA is larger thanm2, then motion to the left
occurs and the time needed to traverse a tooth in the leftw
direction will bet25l2 /v31l1 /v4, wherev35A2m2 and
v45A1m1.

Thus, if the force applied to the right is large enough
induce motion, the number of teeth the particle can trave
during the timeu1 for which it is applied isN15u1 /t1 and
otherwiseN150. Similarly, if the force to the left induces
motion, then it traversesN25u2 /t2 teeth during the time it
is applied. The distances traveled in each direction will th
be given by (l11l2)N1 and (l11l2)N2 , respectively.
Clearly these are approximate values, as the turning poin
the motion when the force changes sign, do not coincide w
the bottom of a tooth. Nevertheless, the error in the to
length traveled will be, at most, of the order of the size o
tooth. Thus the results obtained will be increasingly accur
as the intervalsu6 go to infinity, i.e., the driving frequency
goes to zero. It thus becomes apparent that neglecting
contributions of incompletely traversed teeth is an import
component of the ‘‘adiabatic’’ approximation.

The net current to the right~left!, S2 (S1), is the sum of
the traveled distances divided by the sum of the correspo
ing elapsed times, and the total average current can the
obtained from

^S&5
~12e!S22~11e!S1

2
. ~3.3!

The explicit expression for the current in this general mo
is
~3.4!
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PRE 59 4881DETERMINISTIC TRANSPORT IN RATCHETS
in terms of the normalized amplitude of the driving forc
a5A/m.

From this expression, and under the appropriate choic
parameters, one can reproduce the limiting behavior of
average current when the temperature vanishes in the m
ratchet described in Sec. II@^J&o , Eqs.~2.4!, ~2.5!, and Fig.
2#. The appropriate parameters arem151/l1 , m251/l2 ,
l51, andb50.

The dimensionless parameters mentioned above,h, b,
and e, have been chosen because of their clear physica
terpretation, and because the vanishing of their values all
a full recovery of the symmetrical ratchet. Each one of
three symmetry-breaking possibilities~two spatial and one
temporal! will be explored in the following.

Since the above expressions are approximate, a sim
exact numerical simulation of the process was performe
which we confirmed that indeed the exact current approac
the predictions above ast increases~see Fig. 3!.

Previous work that explicitly studied some aspects of
deterministic behavior of periodically rocked ratchets h
been reported in@3,10,12#, although without considering th
global spatial asymmetry. In both the first and the last
these studies, the driving force was a sinusoidal function
time, and although this implies that their results cannot
directly compared with the outcome of this work, the limit
very low driving frequencies of their results agrees qual
tively with the behavior described in what follows~cf. Figs.
3 of @3#, and Figs. 3 and 6 of@12#!. The other study@10#
analyzes a driving force similar to the one considered in
work @Eq. ~2.3!#, and the main conclusion reached is that t
presence of a thermal bath plays an important role w
there is no current or it is very small, since then the therm
fluctuations may benefit from the~temporal or spatial! asym-
metries to produce a current or to modify its sense.

A. The local spatial asymmetry

Keepingb and e equal to zero, we have that a positiv
value ofh means a tooth oriented to the right, i.e., one t
favors motion to the right, and that negative values ofh
mean a current to the left. The effect of the local spa
asymmetry is presented in Fig. 4, where the average cur
^S& is plotted as a function of the normalized amplitude
the driving forcea for different values ofh and keeping both
b ande equal to zero. The upper half of the graph shows

FIG. 3. An example of the differences between the actual
merical integration and the smooth dashed line given by formu
~3.4!. The dotted and the uneven solid lines correspond to two
merical calculations carried out with a certain value fort and half
this value, correspondingly.
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effect of varyingl2 andm2 ~while keepingl1 andm1 con-
stant!, and the lower half shows the effect of varyingl1 and
m1 ~for fixed values ofl2 andm2).

The maxima of the current occur at a particular value
the normalized amplitudea; this value is given by
m2 /m (m1 /m) for positive ~negative! values ofh. Inter-
changing the role of thel ’s and of them’s, which amounts
to reversing the orientation of the ratchet, produces a cur
which is exactly the same but with the opposite sign~as if
reflected by the horizontal axis!.

B. The global spatial asymmetry

First, let us note that whenb is positive, there is a ten
dency to ‘‘drift’’ to the right caused by the ‘‘global slope’’
(m2l22m1l1)/l, and whenb is negative, the ‘‘drift’’ is to
the left. This underlies the fact that the current does
vanish when the amplitude of the driving force increas
unboundedly, but tends to a finite value given by the ‘‘glob
slope.’’ This effect has two consequences:~i! it makes it
possible to eventually reverse a current that runs in a cer
direction for a wide range ofa values; and~ii ! it also allows

FIG. 5. The effect of a global spatial asymmetry (bÞ0); note
that a necessary condition for a current reversal to appear is ah
value Þ0. The corresponding values for (h,b) are (1/2,3/20) for
the solid line, (0,1/10) for the dot-dashed line, (5/13,272/1079) for
the dashed line, and (0,21/10) for the long-dashed line; the tem
poral symmetry remains unbroken. As in the case shown in Fig
^S(2a)&5^S(a)&.

-
s
-

FIG. 4. Effect of the local spatial asymmetry on the motion
the ratchet. The average current^S& is shown as a function of the
normalized amplitude of the driving forcea for different values of
h; bothb ande are kept equal to zero. The corresponding values
h are 1/2 for the long-dashed line, 1/11 for the dot-dashed l
21/2 for the dashed line, and25/7 for the solid line. Only positive
values ofa are ploted sincêS(2a)&5^S(a)& in this case.
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4882 PRE 59ANTONIO SARMIENTO AND HERNÁN LARRALDE
for a second inversion of the current when both the lo
spatial and the temporal symmetries have been broken~see
Fig. 9!.

Examples of the behavior of the current for some valu
of h andb are presented in Fig. 5, where it is clear that
a flux reversal to occur, it is necesary to have values oh
different from zero.

C. The temporal asymmetry

The role of a zero mean, temporally asymmetric drivi
force in various guises has been previously studied and
lyzed; it may increase the current due to a local spatial as
metry, it may counterbalance it, or it may reverse its flo
depending on the value ofe and, of course, on the degree
spatial asymmetry. Figure 6 shows the average current^S& as
a function of the normalized amplitudea for different values
of e; neither of the spatial symmetries is broken.

The average current̂S& attains a maximum value whe
a5m2 /m and it must be noted that it does vanish when
amplitude of the driving force tends to infinity, although
does so much more slowly than in the case of a local spa
asymmetry alone.

The following figures show the combined effect on t
average current caused by the temporal and local sp

FIG. 7. Combined effect of the temporal asymmetry and
local spatial asymmetry on the average current^S& as a function of
the normalized amplitude of the driving forcea; the value ofb is
kept equal to zero, and the (h,e) values are (27/10,1/2) for the
solid line and (23/5,1/2) for the dashed line.

FIG. 6. Effect of the local temporal asymmetry on the avera
current^S& as a function of the normalized amplitude of the drivin
force a for different values ofe; both b and h are kept equal to
zero. Only positive values ofa are plotted since^S(2a)&
52^S(a)& @recall that whenb50, but hÞ0, ^S(2a,2e)&
52^S(a,e)&]. Lines shown correspond toe values of 1/2~solid
line!, 1/8 ~dot-dashed line!, 21/8 ~dashed line!, and 21/2 ~long-
dashed line!.
l
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asymmetries~Fig. 7!, and by the temporal and global spati
asymmetries~Fig. 8!. From Fig. 8 one can confirm that whe
h50, the maximum value of^S&, and the value of
lim

a→6`
^S& are monotonic functions of the global slope, th

value ofa where the current reversal occurs does not chan
this last value is determined bye. Finally, Fig. 9 shows some
examples of the behavior shown by the current when
three symmetries have been broken. As already mentione
is interesting to note that there may be a second flux reve
in this case.

IV. DISCUSSION

A nonexhaustive analysis of overdamped transport, wit
an ‘‘adiabatic’’ approximation in a simple ratchet, has be
presented together with a discussion of the different effe
caused by the lack of either spatial or temporal symmet
and the character of the driving force~periodic or stochastic!.
The features of the flux that we obtain in this work~the
nonmonotonicity as a function of the parameters, the s
reversals, and the asymptotic behavior! underly most of the
properties of thermal ratchets. Thus, the role of the ther
bath will be important mostly in those regions where t
deterministic current is close to or vanishing, otherwise

e

FIG. 8. Combined effect of the temporal asymmetry and
global spatial asymmetry on the average current^S& as a function of
the normalized amplitude of the driving forcea; the value ofh is
kept equal to zero,e is kept equal to 1/2, and the values ofb are 0
~solid line!, 21/10 ~dashed line!, and 21/10 ~dot-dashed line!.
Note that ab value different from zero is necessary and sufficie
for a current reversal to occur, and the presence of the symm
^S(2a,2b)&52^S(a,b)& in this case.

FIG. 9. A double flux reversal may occur in the average curr
when the three symmetries are broken, and their corresponding
rameters have adequate values;e51/2 and the values of (h,b) are
(23/5,24/105) for the solid line, and (22/3,219/246) for the dot-
ted line.
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represents a small perturbation to the deterministic behav
its effect will be to smooth the sharp edges and to flatten
shape of the curve for the current~cf. Figs. 2 and 3 of Chi-
alvo and Millonas@2#!. A possible exception is the case
which the deterministic transport generates a flux against
global bias while a thermal noise, if present, would induc
flux in the direction of the global bias; a noise induced fl
reversal could be expected in this situation. Further w
considering driving forces with finite frequency, i.e., n
within the adiabatic approximation, will be presented in
separate study@15#.

Also, work on disordered ratchets is currently under w
In these systems, the role of noise could be essential bec
deterministic transport may not give rise to a stationary fl
even if the disordered ratchet is statistically asymmetric. T
possibility of deterministic transport will obviously depen
n,
r;
e

e
a

k

.
use
,
e

on the nature of the disorder. If, for example, disorder
introduced by taking the heights of the ratchet teeth from
bounded distribution, then sufficiently strong driving will in
deed give rise to deterministic transport. On the other ha
if disorder is introduced by placingp teeth with one orienta-
tion and 12p with the opposite orientation, thus statistical
breaking thex to 2x symmetry, then no periodic driving ca
generate a flux. The reason for this is that for any perio
driving there will exist, with probability greater than zer
configurations of teeth within which a deterministic period
‘‘orbit’’ occurs. These orbits work as barriers to determini
tic motion, and as they occur with finite density, a flux ca
not be sustained in these systems. Thermal noise will pla
crucial role in this situation, as it will allow particles t
‘‘overcome’’ the barriers and reestablish a flux.
ev.
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